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Abstract. The paper deals with nonlinear vibrations in discrete-continuous mechanical sys-
tems consisting of rigid bodies connected by shafts torsionally deformed with local nonlin-
earities having hard and soft characteristics.  The systems are loaded by an external moment 
harmonically changing in time. In the study the wave approach is used leading to solving 
equations with a retarded argument. Numerical results are presented for three-mass systems. 
In the study of regular vibrations in the case of a hard characteristic amplitude jumps are ob-
served while in the case of a soft characteristic an escape phenomenon is observed. Irregular 
vibrations, including chaotic motions, can occur for selected parameters. The possibilities of 
occurring of such vibrations are discussed on the basis of tools presented in [5-7]. 
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1 INTRODUCTION 
Regular nonlinear vibrations in discrete-continuous mechanical systems are considered e.g. 

in [1-3]. Such systems consist of rigid bodies connected by elastic elements. Damping in the 
systems is taken into account by means of  an equivalent damping located in selected cross-
sections. In systems torsionally deformed, to the first rigid body a discrete element is attached. 
The spring in this element has nonlinear characteristics described by the polynomial of the 
third degree. The behavior of the systems in the case of the both types of characteristics, hard 
and soft, is discussed. The systems are loaded by an external moment represented by the func-
tion harmonically changing in time. In the considerations the wave approach is used leading 
to solving equations with a retarded argument. 

Irregular vibrations, including chaos, are studied in the technical literature mainly for dis-
crete models, [4-8]. In [9, 10] some attempts are done for the investigation of irregular vibra-
tions in discrete-continuous systems after the adaptation the approach used in [5-7]. The aim 
of the present paper is to compare the results presented in [9, 10] for the both types of the 
characteristics of local nonlinearities in multi-mass systems torsionally deformed. 

Exemplary numerical results are presented for three-mass systems. It will be shown that in 
the case of a hard characteristic amplitude jumps are observed while in the case of a soft char-
acteristic an escape phenomenon is observed. These effects concern regular vibrations with 
large damping. Irregular and chaotic vibrations can occur for selected parameters. The possi-
bilities of occurring of such vibrations are discussed on the basis of the Poincaré maps, and 
the maximal exponents of Lyapunov. 

2 ASSUMPTIONS AND GOVERNING EQUATIONS 
Consider a multi-mass discrete-continuous system consisting of  N  shafts connected by 

rigid bodies. The i-th shaft, i = 1,2,...,N, is characterized by length  , density  il ρ , shear 
modulus  G  and  polar moment  of inertia , [1, 2]. The mass moment of inertia of rigid 
bodies, i = 1,2,…N+1, are  . The first rigid body    is loaded by the moment  

, where    and  p  are the amplitude and frequency of the external mo-
ment, correspondingly. Equivalent external and internal damping, having coefficients  id   and  

, are taking into account in appropriate cross-sections. The  x-axis  is parallel to the shafts 
axis and its beginning corresponds to the cross-sections where the first rigid body is located. 
The function  
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),( txiθ   represents angular displacements in the i-shaft. It is assumed that dis-
placements and velocities of the shaft cross-sections are equal to zero at time instant  t = 0. 

A nonlinear discrete element is located in the cross-section  x = 0. The moment of forces 
acting in the nonlinear spring is described by the polynomial of the third degree 

3
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where   are parameters standing by linear and nonlinear terms, correspondingly. The local 
nonlinearity can have the characteristic of a hard type or of a soft type. 
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It is convenient to introduce the following nondimensionless quantities 
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where    is the speed of the torsional wave in shafts. Then, the determination of 
angular displacements and velocities leads to solving  N  equations of motion 

( ) 2/1/ ρGc =

Nixxitti ,...,2,1     ,0,, ==−θθ                                               (3) 

with zero initial conditions and with boundary conditions in appropriate cross-sections 
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where comma denotes partial differentiation. 
Eqs. (3) are solving using the wave approach, i.e., looking for the solutions in the form 
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where the functions    and    represent the waves caused by the external loading  M(t) 
propagating in the i-th shaft in the positive and negative senses of the  x-axis, respectively. 
These functions are continuous and equal to zero for negative arguments. 

if ig

Substituting (5) into the boundary conditions (4) nonlinear ordinary differential equations 
with a retarded argument for the functions    and    are obtained. They can be found in 
[1, 2]. 

if ig

3 NUMERICAL CALCULATIONS 
Exemplary investigations are performed for a three-mass system, shown in Figure 1, as-

suming the following nondimensionless parameters 

.1   ,8.0   ,1   ,2   ,05.0   ,05.0 232211 ======== BEEllNkKr            (6) 

The damping parameters  , the parameter    and the amplitude    of the ex-
ternal loading  M(t)  can vary.  The three first natural frequency for linear the system are then  

ii Ddd ==0 3k 0M

,089.01 =ω  261.02 =ω   and  .376.03 =ω  

 
Figure 1: Three-mass torsional system. 
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Regular vibrations were studied in [1, 2] for the both types of nonlinear characteristic (1), 
i.e. with    and    for the hard characteristic case in [1] while with  

  and  
005.03 =k 10 =M

005.03 −=k 1.00 =M   for the soft characteristic case in [2]. It appears that in the case 
of a hard characteristic amplitude jumps are observed while in the remaining case the escape 
phenomenon occurs, [1, 2, 11]. The examples of these effects for amplitude-frequency curves 
are shown in Figure 2 for several values of the amplitudes    and with damping coeffi-
cients  . 

0M
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Figure 2: Amplitude-frequency curves for angular displacements: a) a hard characteristic case, b) a soft  
characteristic case. 
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Figure 3: Poincaré maps for  p = 0.83, cross-sections  x = 0, 2  and hard characteristic case. 
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Figure 4: Maximal Lyapunov exponents. for  p = 0.83, cross-section  x = 0  and hard characteristic case. 

 
On the basis of the bifurcation curves for the three-mass systems given in [9, 10] it was 

found that except regular vibrations also irregular vibrations can occur in considered torsional 
systems assuming damping coefficients equal to  001.00 === ji Ddd . Namely, such vibra-
tions can be expected with   (hardening characteristic) for  p < 1.2  and   005.03 =k 10 =M   
while with   (softening characteristic) for  0.730 < p < 0.905  and  . 005.03 −=k 4.00 =M

In Figure 3 for the hardening characteristic case Poincaré maps for  p = 0.83  in cross-
sections  x = 0, 2  while the maximal Lyapunov exponents for angular displacements in  x = 0  
are presented in Figure 4. Maximal Lyapunov exponents are positive, so in the considered fre-
quency  p  vibrations are chaotic. 
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Figure 5: Poincaré maps for  p = 0.8767, cross-sections  x = 0, 2  and soft characteristic case. 
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Figure 6: Maximal Lyapunov exponents. for  p = 0.8767, cross-section  x = 0  and soft characteristic case. 

 
Diagrams in Figure 5 concern the motion of the three-mass system with the local nonlin-

earity having the softening characteristic. They show Poincaré maps for  p = 0.8767  in cross-
sections  x = 0, 2. In Figure 6 the maximal Lyapunov exponents for angular displacements in  
x = 0  are given. Maximal Lyapunov exponents are also positive, so the motion with the as-
sumed frequency  p  is also chaotic. 

4 CONCLUSIONS  
In discrete-continuous systems torsionally deformed with a local nonlinearity having a 

hardening characteristic as well as a softening characteristic and loaded by the external mo-
ment harmonically changing in time, regular and irregular vibrations may appear. Different 
kinds of irregular vibrations including chaotic vibrations can be found in the limited range of 
the change of the parameters representing the systems and the external moment. Presented 
numerical calculations concern the three-mass system, however governing equations allow us 
to widen considerations to other discrete-continuous systems. Exemplary diagrams show vari-
ety of Poincaré maps in selected cross-sections of the considered three-mass system. Besides, 
the positive values of the maximal exponents of Lyapunov justify chaotic motions for the as-
sumed frequencies of the external moment. 

It should be pointed out that the ranges of the parameters where the chaotic motion can oc-
cur are different for the different types of the characteristics of the local nonlinearities. One 
can see that the Poincaré maps are different not only for hard and soft characteristics but also 
for the cross-sections of the considered systems. 
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