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Abstract. Among the experimental methods of cracks identification there is acoustic modal 
analysis, which uses different changes of the natural vibration modes of structure caused by 
presence of crack. The problem of possible crack’s parameters estimation is an inverse prob-
lem, where the observational data regarding the performance of a system are known, and the 
characteristics of the system are sought. Because all inverse problems are underdetermined, 
two different models of structure may predict the same natural mode shape, and data of 
measurements will never allow to resolve small features of the structure’s model. Moreover, 
there are always experimental uncertainties that allow different models to be acceptable.  

The emphasize of the presented paper is considering of measurement errors, different ac-
celerometers and strain gauges positioning, and also numerical differentiation of the natural 
vibrations mode shapes as the sources of uncertainty, which affects on the crack identification 
and positioning results. We assume that a physical theory to solve the forward problem is the 
Timoshenko beam model with opened crack. With 1D cracked beam finite element model at 
the different position and depth of the crack we reconstruct some first mode shapes on the 
fixed points on the beam surface. All measured values are noisy by randomly distributed er-
rors. Once these modes are reconstructed, we calculate their second spatial derivatives (cur-
vatures) which are more sensitive to the presence of crack, but significant uncertainty is 
inherent for them because of measurements errors and numerical differentiation. 

To obtain the probabilistic means for make decision about the damage, the following pro-
cedure is performed many times with both intact and cracked beams. We assume that biggest 
discrepancy between these two modes (their 1st and 2nd derivative) is located close to the 
probable crack. Next we calculate the histograms and empirical probability distributions 
which allow to estimate a probability of crack location and to distinguish the cases of pres-
ence and absence of defect.  
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1 INTRODUCTION 

Structural Health Monitoring is an important area of research in engineering science be-

cause it can increase the safety and reliability and extend the life of structures through condi-

tion-based performance and maintenance strategies. So, the damage sensitive and reliable 

structural health monitoring in industrial and civilian applications attracts considerable re-

search and engineering efforts. The detailed surveys [1-3] categorized all nondestructive dam-

age identification methods as either local or global damage identification techniques. Local 

damage identification techniques, such as ultrasonic methods and X-ray methods, require that 

the vicinity of damage is known a priori and readily accessible for testing, which cannot be 

guaranteed for most cases. The vibration-based damage identification method can overcome 

these difficulties and commonly used in the practice for global damage identification.  

Most researchers classify all damage identification methods as ‘model-based method’ or 

‘response based method’. The model-based method assumes that some mathematical model of 

the structure is assumed for damage identification; while the response-based method depends 

only on experimental response data from structures. A wide range of damage identification 

problems that state as ‘model-based’ can be considered as inverse problems, where data from 

indirect measurements are used to estimate geometric location and/or severity of the damage, 

and, probably, to predict the remaining service life of the studied structure [1]. There are 

many reasons that make the inverse problem underdetermined (nonunique), and most impor-

tant are the existence of experimental uncertainties [4].  

Inverse problems can be solved using a deterministic approach. In this approach, the objec-

tive is to find a specific model of a system that its theoretical response best fits the observed 

data. From the mathematical point of view the detection of damage with model-based meth-

ods is a constrained nonlinear optimization problem. But solution of such optimization prob-

lems is highly sensitive to experimental noise or numerical errors [5, 6]. 

In this paper we use the probabilistic approach which characterizes the uncertainties by the 

probability associated with events [7]. An event corresponds to any of the possible states a 

physical system can assume, or any of the possible predictions of a model describing the sys-

tem. The probability of an event will be interpreted in terms of the frequency of occurrence of 

that event. When a large number of samples or experiments are considered, the probability of 

an event is defined as the ratio of the number of times the event occurs to the total number of 

samples or experiment. So, using a probabilistic approach to the damage detection, we con-

sider each variable in terms of its probability distribution. 

Despite the damage identification is actual for many different structures, most often sub-

jects of investigation are the beam-like structures which is very important in aircraft, civilian, 

and many others application [8-15]. In the works cited above most frequently used for damage 

identification the Euler–Bernoulli beam theory. Because this theory over-predicts natural fre-

quencies in short beams it is only applicable to a slender beam-type structure [3].  

Modeling of the crack in the beam as the massless rotational spring is used very often [16-

18]. The authors modeled the effect of location and depth of the crack on the vibratory re-

sponse of the beam through formulating the loss of energy due to the presence of the crack 

(i.e. rotational spring). Such crack representation also used in [14], where the method for de-

tection of crack location in short beams is based on the frequency shift measurements, taking 

into account the effects of shear deformation and rotational inertia through the Timoshenko 

beam theory. It is known that modeling of crack as a rotational spring based on fracture me-

chanics will lose its credibility in high frequency modes or deep crack cases [3]. But the big-

gest drawback of this approach is that the choice of the spring stiffness is quite arbitrary. To 

eliminate this ambiguity the authors of this paper first proposed the Timoshenko beam model 
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with opened crack, which modeled as the sharp variation of the beam cross-section [13]. 1D 

FEM implementation of this model show a good capabilities and small computation cost at 

multiple simulation of the forward problem. Hereafter such model of the damaged structure 

also used. 

The vibration-based methods can be classified by the monitored value into four major cate-

gories: natural frequency-based methods, mode shape-based methods, curvature mode shape-

based methods, and methods using both mode shapes and frequencies [3], but sometimes the 

time domain response of vibrated structure is used to extract damage sensitive characteristics. 

At the natural frequency-based methods the changes in the shape of FRFs is calculated by us-

ing the acceleration and dynamic strain responses acquired from intact and damaged states of 

the structure [19]. One major limitation of the frequency-shift-based method, which requires 

only the measured natural frequencies, is that the reliable identification of natural frequencies 

changes of damaged structure encounters the experimental difficulties due to the fact that the 

frequency changes caused by damage are usually very small and may be buried in the changes 

caused by environmental and operational conditions. These difficulties can be overcome by 

using changes in mode shapes due to damage, although the measurement of mode shapes is 

more difficult than the measurement of frequencies. The convincing feature is that changes in 

mode shapes are much more sensitive to local damage when compared to changes in natural 

frequencies. However, using mode shapes also has some drawbacks [15]. It has been observed 

that the presence of damage does not affect all modes of vibration equally [20]. Some modes 

are more affected than others. A basis for selecting the affected modes for analysis is, there-

fore, required. J. Kiddy and D. Pines [8] experimentally established that it is possible to detect 

damage in the blade if the damage occurs in a region of high modal energy, but damage in 

regions of low modal energy is not easily detected.  

The use of mode shapes curvatures in damage identification is based on the assumption 

that the changes in the curvatures of mode shapes are highly localized to the region of damage 

and that they are more pronounced than changes in the displacements of the mode shapes. The 

curvature is often calculated from the measured displacement mode shapes using a central dif-

ference approximation [15]. The damage index was defined as the difference between the 

curvatures calculated for the monitored and knowingly healthy beams at each point and the 

largest index indicate the probable damage location [1]. Many results [1, 15, 21] showed that 

the difference of curvature mode shapes from intact and damaged structure can be a good in-

dicator of damage location. However, it is pointed out that due to experimental and numerical 

reasons for the higher modes, the difference in modal curvature shows several peaks not only 

at the damage location but also at other positions, which may lead to a false indication of 

damage. Indeed, if we use the mode shape curvature as an indicator of the damage, the inher-

ent uncertainty caused by the measurements errors and environmental action will be increased 

after double numerical differentiation. Hence, the resulting uncertainty (i.e. noise) will be as-

sociated both with the number and spatial positions of sensors. The problem of accuracy of 

damage localization depending on the set of sensors has been studied in [1, 15, 21-23], where 

it is proved that the number of sensors and the choice of sensors coordinate may have a cru-

cial effect on the accuracy of the damage detection procedure. 

Worsening the accuracy of damage localization due to the uncertainty makes it difficult to 

distinguishing damaged and undamaged states of the structure. To make the good decision at 

the presence of uncertainties the detection method which consists of the statistical techniques 

for optimally classifying a signal, the monitoring of modals parameters evolution, the method 

based on Dempster–Shafer evidence theory, and the probability distributions analysis [4, 24] 

were developed. Study of these problems on the base of probabilistic approach is emphasized 

in this paper on example of the cracked Timoshenko cantilever beam. 
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2 MODEL OF DAMAGED CANTILEVER BEAM 

According to the early developed model of Timoshenko beam with crack [13] we assume 

the crack as notch with not interacted coasts that well grounded for the structures loaded by 

the big static forces and harmonically excited by small amplitude. Differential equations of 

Timoshenko beam correctly takes into account the effects of shear and the section rotation 

even at quite high frequencies of flexural vibrations  
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where LFJGE ,,,,, ρ  are the Young module, shear module, section moment inertia, section 

area, and beam length respectively; ψ,w  are beam axis deflection and angle of the section 

rotation; q  is distributed load; and k  is form-factor equal to 6/5 for rectangular cross section. 

The boundary conditions for the considered cantilever beam with free load tip are 
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Assuming for the simplicity the homogenous cross section of the beam (but this assump-

tion does not limit our next consideration), we express the spatial distribution of the section 

moment inertia and section area in the forms 

( ) ( ) ( ) ( )xFxFxJxJ ηζ ⋅=⋅= 00 ; ,   (3) 

where 0J  and 0F  are the section moment inertia and section area along the defectless part of 

the beam. Let the beam cross section has the width b  and height h . 

Transforming to the dimensionless variables according to the rule 
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where dimensionless coordinate ξ , time τ  and displacement u  expressed trough beam length 

L  and pseudo period T  to be defined, system (4) is transformed to the dimensionless repre-

sentation 
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A pseudo period T  in Eq. 4 is defined as ELT ρ= . After introducing the dimen-

sionless coefficients 
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system (5) with boundary conditions is rearranged to the view useful for numerical solving 
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Description of the crack by the bell–shaped notch with depth [ )1;0∈d  placed on the di-

mensionless distance l  from the clamped end 
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where variable ε  is half width of the notch, allow to express the spatial distributions of the 

beam thick η  and section moment inertia ζ  in the forms 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )ξηξδξδξδξζξδξη 22
31131;1 ⋅−=−⋅−≈−=   (9) 

The structure of Eq. 7 shows that our beam model satisfies the following requirements: 

- The computational cost of the model simulation is minimal due to 1D – dimension; 

- Due to dimensionless form model of the damaged structure has the versatility; 

- The defect is fully characterized by small number of parameters ε,, dl ; 

- The output of model is presented by the output variables ( ) ( )ξξ ξξ,, nn uu  that can be in-

terpreted as n-th mode shape and their curvatures; 

- These output variables can be properly monitored by direct measurements (optical dis-

placement measurements and surface tenzometry on the set of the beam points) with 

minimal noise and the influence of environmental factors; 

- At decreasing of degree of damage the model of the cracked beam is continuously 

modified to the model of perfect structure. 

The numerical study of the formulated problem showed that Eqs.7 with dependencies (8, 9) 

is stable at small variation of input data ε,, dl . So, Eqs. (7), (8), (9) can be easily numerically 

solved and therefore can be used for the multiple forward problem simulation. This feature is 

very important in order to obtain the probabilistic solution using Monte Carlo approach which 

requires multiple numerical evaluations at the simulated measurements with noise governable 

by the Gaussian probability distribution. 

3 NUMERICAL MODAL ANALYSIS OF CRACKED TIMOSHENKO BEAM 

All numerical calculations were performed using Comsol Multiphysics FE soft package 

with the Partial Differential Equation (PDE) mode. One dimensional FE mesh consisted of 

1000 knots. For the model testing and validation we used early experimentally studied steel 

beam with dimensions 4cm*5cm*1m and artificially introduced “cracks” – notches with 

depth: 0.25; 0.4; 0.55, and 0.7 of thick and randomly distributed along the beam. Obtained 

results (mode shapes) compared with those on the 3D FE model and experiments showed the 

difference does not exceed 2% [13]. First 5 vibration modes have been calculated and next 

normalized by dividing the point displacement on the maximum displacement of the free end. 

To obtain the second spatial derivatives of the modes shape (curvatures) the 5-points symmet-

ric numerical schemes was used 

[ ] ( ) ( ) 902423260322 )(42

2112 ζVI

iiiiii uhhuuuuuu ⋅+−+−+−=′′
++−− , (10) 

where h  is distance between adjacent measurements points. 

The artificial noise has been introduced by adding to the displacement of each point the 

“measurements error” as randomly distributed value in the range [-0.02; 0.02]. It is obvious 

from Eq. 10 the calculation of the second spatial derivatives will gain the measurement noise, 

and this gain depends on the distance h  between adjacent displacement sensors. The problem 

of optimal number of sensors has been studied by the authors early [25], and results of this 

investigation show the optimal number of measuring points is near 40. This number is used in 

calculation described below. 
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In order to obtain the probabilistic estimations for the defected as well as for the ideal 

beams we simulated a pair of beams (both beams with the artificial noise), and then compared 

the maximum discrepancies of these beam axis deflections and second derivatives along the 

beams on the five natural vibration modes. In the cases of intact beam analysis both simulated 

beams are intact. When a beam with defect is studied, the second simulated beam for compare 

is intact. Each realization has been modeled 500 times and stored in text file for further statis-

tical analysis.  

Two different types of analysis have been performed. First type is a creating of empiric 

distribution of discrepancies in the form of histograms for all five modes shape and their cur-

vature, then calculation of parameters for matching beta or normal distribution (see Fig. 1). 

These results allow to estimate the resolution of the vibration modes and their curvatures to 

determine severity of possible damage and make decision about damage presence or absence. 

Second type of analysis has been performed to determine the sensitivity of studied vibra-

tion modes and their curvatures to the presence of damages with different levels. To do this 

the length of studied damaged beams has been divided on the ten identical intervals. Then a 

number of correct predictions percentage and distribution of deviations from the true crack 

positions have been calculated. As a result the confidence intervals (p=0.95) for deviations of 

estimated crack position have been obtained for each interval of beam length and spatial dis-

tribution of correct crack localization by each mode and their curvature. Two examples of 

these results are presented on a Fig. 2 which shows the distributions of the localization errors 

and percentage of correct crack localization for the cracked beam (d=0.25) according to the 

analysis of second vibration mode and curvature of the first vibration mode. 

Figure 3 demonstrate how to relate the error in localization of crack and accuracy of its 

spatial position estimation. The similar diagrams for all mode shapes have been used to com-

pare their sensitivity to the damage presence and severity on the different region of the beam. 

 

Figure 1: Empiric distributions fitted by the beta and normal probability distributions  

of the maximum discrepancy along the beam 

First mode curvature for the intact beam (left) and second mode for the beam with d=0.25 (right) 

 

Figure 2: Spatial distributions of confidence intervals for deviations of estimated crack position  

and percentages of correct crack localization 
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4 THE PROBABILISTIC ANALYSIS OF FLEXURAL MODES SHAPE AND 

CURVATURES SENSITIVITY TO THE DAMAGE IN THE BEAM 

Common results of measurements variability for intact beams and beams with different se-

verity of damage are presented on a Figure 3 in the form of probability distributions. These 

plots allow separating the situations with presence or absence of damage and making a statis-

tically confirmed decision. 

These diagrams characterize the ability of each mode shape and its curvature to separate 

the undamaged and damaged state of the studied beam. Indeed, look at the top-left chart and 

remember that area under each curve on a Figure 3 is unit. Let we performed three (or more) 

measurements of the first (or other) mode shape (or curvature), and also three maximum dis-

crepancies from the undamaged state are calculated from these measurements. For this set of 

discrepancies we can determine lower L  and upper U  bounds of confidence interval at some 

accepted confidence level (e.g., 0.95). Then the probability of damage described by the prob-

ability density ip  where index 0=i  matches to undamaged state, and its other values match 

to the relative crack depth (see Fig. 4) will be obtained as 

( ) ( )∫ ∆∆=
U

L
i dpiP ,    (11) 

where ∆  is discrepancy. In particular, for the situation shown on a Figure 3 approximate ratio 

of probabilities will be 015.0/06.0/11.0/3.0/7.0)7.0(/)55.0(/)4.0(/)25.0(/)0( ≈PPPPP . 

As can be seen from Figure 3, the most reliable to identify the healthy state there are mode 

shapes, but not curvatures. Such preliminary estimation is very useful to identify the undam-

aged state and for subsequent verification of data predicted by the modes or curvatures as it is 

presented on a Figure 4. 

As it is shown from a Figure 4 a sensitivity of studied mode shapes and curvatures is very 

different and vary along the beam length. Each plot on a Figure 4 demonstrates spatial distri-

bution of right crack location inside the ranges with length 0.1. Information inside incuts in-

form about averaged right predicted crack location for each damage severity. The lower 

graphs for each mode show its corresponding shape and curvature. Comparison of these fig-

ures shows that the zones of better sensitivity correspond to the beam areas with greatest cur-

vature, especially for the 2
nd

, 4
th

, and 5
th

 modes. For all considered cases the sensitivity near 

beam ends is minimal. Unfortunately, the sensitivity to locate the small crack does not exceed 

of 30%. So, to correctly locate the incipient cracks need to use the multi-step enough sophistic 

algorithms, which take into account the probabilistic properties of monitored data and should 

be developed in the future. 

5 CONCLUSIONS  

 On the base of cracked Timoshenko beam model the probabilistic approach to the crack 

identification is proposed. Under conditions of inaccuracy of measuring the vibrations ampli-

tudes the set of distributed sensors this approach assumes the inherent uncertainty of moni-

tored natural mode shapes and their curvatures. More 500 computer simulations of 1D 

Timoshenko cracked beam finite element model have been performed at randomly varied 

crack depth, width and location to calculate the histograms and then fit the match empiric 

probability distribution of the vibration amplitudes and beam curvatures for healthy beam and 

beams with different damage severity. These probabilistic regularities allow us to estimate 

relative probability of damaged or undamaged state of the beam. The spatial distribution of 

correctly predicted crack location has been calculated and studied for the first five natural vi-

bration modes and their curvatures in order to identify the sensitivity of these modes (curva-

tures) for the different damage position on the beam and varied damage severity. The spatially 
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distributed sensitivity of vibration modes and curvatures to the presence of damage has been 

established, and the best sensitivity is achieved with the 4
th

 and 5
th

 vibration modes in the 

beam areas of greatest curvature. However, the low frequency vibration method for damage 

prediction does not ensure the best sensitivity and resolution for the small crack identification 

at inherent significant experimental uncertainty. To overcome this drawback is necessary to 

develop the improved algorithms that take into account all data obtained at the structure vibra-

tion monitoring and their probabilistic features. 

 

Figure 3: Fitted probability distributions of the maximum discrepancy along the beam for the first five vibration 

modes and their curvatures for intact and damaged beams with different crack depth 
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Figure 4: Spatial distributions of correct crack prediction by the mode shapes and their curvatures analysis 

 together with these dimensionless mode shapes and curvatures 
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