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Abstract. In this paper the application of the DART3D (Dynamic Analysis of Railway Track
– 3D) finite element program is used to model the development of ground Mach Cones for
high-speed trains approaching the ground Rayleigh wave velocity, particularly for both weak
and weak-medium stiff subgrades. Multiple train axles and complete train-track interaction
are included in the studies. The results show, in a systematic way, how the Mach Cone is
formed as the train speed increases incrementally. The geometrical angle of the Mach Cone is
compared to analytical solutions and good agreement found. The difference between the Rayleigh wave velocity and the track resonant velocity is further highlighted through parametric
studies and through 3-dimensional graphical representations of the advancing wave front.
The effect of the Mach Cone development on the transient response of a sleeper is also shown,
as is the development of non-linearity in the stress strain response and the subsequent effect
on the track deflections.
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INTRODUCTION

As train speeds approach critical values rapid deterioration of the track, ballast and subballast can occur due to Rayleigh wave and track critical velocity effects [1, 2]. Very soft soils
may have a Rayleigh wave speed of only 30-40 m/s [3, 4]. Railway track systems built on soft
ground, perhaps on shallow embankments, can develop critical speeds lower than 200 km/h
[3, 5-9].
The operational speed of the planned UK High Speed 2 line is 360 km/h, but it will be designed for 400 km/h. It is therefore essential to develop a clear understanding of the mechanisms of dynamic track response and the methods to reduce ground vibration. Such methods
may include CMC columns, vibro concrete columns and stone columns. As critical values are
approached the dynamic train response becomes very complicated due to the coupled nature
of the train-track interaction [10, 11] and the ground dynamics. In the general literature the
large deflections at the Ledsgard site in Sweden, due to critical velocity effects, has been documented [2, 3, 6, 12-13]. However data on other sites is very limited due to the significant
track deflections generated when trains try to run at these critical speeds [5]. The Ledsgard
site is however complicated in that multiple track layers are present, each with their own Rayleigh wave velocity, and the presence of an embankment. In this paper finite element analyses
are performed using a purposely written finite element program in an attempt to help analyse
the different mechanisms contributing to the track response. Both linear and non-linear analyses are performed; in the latter case a stone column problem is considered as a form of track
mitigation.
2

FINITE ELEMENT PROGRAM DART3D

The numerical program is based on 3-dimensional finite elements and is called DART3D
(Dynamic Analysis of Railway Track 3D). Although the program has been used for a few
years to look at track geo-dynamics [9], including the development of Mach Cones [10, 11] it
is continuously being developed.
The analysis is fully coupled, i.e. the train suspension system is coupled to the vertical deflection of the track. This means that the train and track can interaction with each other, even
when the soil response is non-linear. The program uses a time domain approach to model these non-linear effects and energy absorbing boundaries are implemented to prevent stress-wave
reflection.
2.1

Train model

For the quarter train model used in this paper the equations representing the system components [11, 14, 15] are,
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Where wc, wb and ww are the vertical displacements of the car body, bogie and wheel, mw is
the wheel mass, mc and mb are representations of the car body and bogie masses ( mc = mc / 8
and mb = mb / 4 ). kb and kc are the primary and secondary suspension stiffness and cb and cc
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the corresponding damping coefficients. The train suspension system modelled in this paper is
similar to the Thalys high-speed train [16].
The train properties assumed for both the linear and non-linear analysis are shown in Table
1 below.
Suspension Property
Axle Load (kN)
Primary Suspension
Stiffness (MN/m)
Damping (kNs/m)
Secondary Suspension
Stiffness (MN/m)
Damping (kNs/m)

181
3.28
90
1.31
30

Table 1: Train suspension parameters used in analysis

2.2

Track model

Although DART3D is continuously being developed, the current version is able simulate
the track structure, including the rails, sleepers, pad, ballast and subgrade layers. The 3D aspect of the program can generate long computational times as it uses an explicit time integration scheme (typically ∆t=8 x 10-6 s). Full details about the finite element program can be
found in [8, 11].

Figure 1: Mesh used in ground dynamics simulation

Figure 1 shows the mesh used in the current studies and Table 2 shows the material parameters assumed in the linear studies. In total 42,450 20-noded brick elements are used in the
analysis for the sub-structure and 424 beam-column elements for the rail (the rail is omitted
for clarity in Figure 1). The ballast is assumed to be 300 mm deep below the sleeper bottom
and extends a distance of 1400 mm from the track centre line. The boundaries are fixed on the
base and energy absorbing dashpots on the sides.
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Ballast
Young’s Modulus (MPa)
Poisson’s Ratio
Rayleigh Damping (%)
Density (kg/m3)
Clay Subgrade
Young’s Modulus (MPa)
Poisson’s Ratio
Rayleigh Damping (%)
Density (kg/m3)

124
0.4
5
1800
24.5
0.45
5
1500

Table 2: Ballast/soil parameters used in linear analysis

The linear subgrade has a Rayleigh wave speed of approximately 70 m/s. The track resonant velocity for the particular train used is only slightly higher than this.
2.3

Damping

Rayleigh damping is used in the analysis with frequencies of ω1=32 rad/s and ω2=34 rad/s.
The Rayleigh damping coefficients α and β can be found from:

α=

2ω1ω 2ξ
100(ω1 + ω 2 )

(2)

β=

2ξ
100(ω1 + ω 2 )

(3)

and

Where ξ is the target damping ratio and is set at 5%. In the linear analysis the damping ratio remains constant throughout the analysis, however in the non-linear case the damping ratio
changes with the induced shear strain.

2.4

Linear analysis

Often numerical models of track response for train speeds leading up to the Rayleigh wave
velocity and the track resonant velocity use linear models; this is primarily due to the long
computational times required. The stiffness and damping properties of the geo-materials are
then modified depending on the predicted induced shear strain in the subgrade, which is a
function of train speed and percentage of Rayleigh and track resonant velocity. Calculation of
the track critical velocity for a beam on an elastic foundation was given by [5]. Moving load
simulations can also be found from [17, 18].
In the following example the subgrade stiffness is however kept constant in order to illustrate the different developing mechanisms (i.e. not to confuse the issue of changing stiffness
and dynamics with the developing wave fronts). The effect of reducing the ballast and subgrade stiffness would of course be to increase the track deflection and reduce the ground wave
speeds. This type of analysis is considered in Section 3 where a non-linear model is used to
study track behaviour including stone column implementation.
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Figure 2: Transient vertical deflection of a typical sleeper with train speed using the 3D model

The response of a typical sleeper at a train speed of 47 m/s is shown in Figure 2a. The response is highly regular with all bogies having an individual imprint. The peak transient vertical deflection is approximately 2 mm. Figure 2b shows the track response at a train speed of
62 m/s (note the change in scale when compared to Figure 2a). The train speed has now
passed 70% of the subgrade Rayleigh wave speed of the subgrade where dynamic effects are
known to develop rapidly. It should be remembered that the high degree of track deflection
would induce a greater degree of non-linearity and damping, however as discussed previously,
the properties in this example are kept constant to illustrate the different developing conditions. The transient deflection is around 6.5 mm and a ground Mach Cone is developing. In
Figure 2c a ground Mach Cone has developed and the track resonant velocity has been
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achieved leading to large deflections, including track uplift. The shape and magnitude of these
deflections would also be highly dependent on the train axle spacing and material damping.

(a) Speed=47 m/s

(b) Speed=62 m/s

(c) Speed=75 ms
Figure 3: Development of the ground Mach Cone and track dynamics at various train speeds

The development of the ground Mach Cone as the train speed increases towards the Rayleigh ground wave and track resonant velocity is clearly shown in Figure 3. Figure 3a shows
that when the speed of the train is 47 m/s the ground pattern is symmetrical with little ground
wave transmission. At 62 m/s the developing Mach Cone can be seen, which is indicated by
the track deflections shown in Figure 2b. When the train speed passes the subgrade Rayleigh
wave velocity and reaches the track resonant velocity (which in this particular case is only
6
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slightly higher) the development of a full Mach Cone and track uplift is observed. The depth
of the cone can be clearly seen in Figure 4 which shows a cut-away section through the track
centre line (i.e. a cut-away of Figure 3c).

Figure 4: Cut-away showing the ground dynamics at track resonant velocity (low damping)

Conventional Mach Cone theory indicates that the angle of the wave front can be given by the
following equation




−1  1 
α = sin
(4)
 VT 
V 
 R
Where VT is the train speed and VR is the Rayleigh wave velocity and α is half the wave-front
angle (the total angle is therefore 2α). For Figure 3c, α≈120o. As the train speed exceeds the
subgrade Rayleigh wave velocity the angle becomes more acute. For low ballast depths the
Rayleigh wave velocity and the track critical velocity (based on a beam on an elastic foundation analysis [5]) would be similar. For embankments and/or upper track stiffness increases,
the combined Rayleigh velocity would be higher than the in-situ subgrade only Rayleigh
wave velocity due to the stiffening effect. In this way the track Rayleigh wave dynamic characteristics can be improved; however careful analysis of the track resonant condition still
needs to be made.
The prediction of both of these parameters is essential when examining track mitigation
strategies and hence allow for higher line speeds. This is especially important when analysing
complex 3D geometric shapes, reinforcement strategies and non-linear effects as these all
modify the Rayleigh wave velocity and train-track resonant velocity. The use of 3D finite elements therefore becomes a very useful tool for track prediction at high-speed.

3

NON-LINEAR MODELLING

In this paper the stiffness of the non-linear geo-materials is modelled using the Universal
model which was developed by [19].

3.1

Non-linear stiffness

In the non-linear model the resilient modulus of the soil is related to the mean and deviatoric
stress though:
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 3p
E r = k1 p atm 
 p atm





k2


q 
1 +

p atm 


k3

(5)

where, p atm is atmospheric pressure; p and q are mean and deviatoric stresses respectively;

k1 , k 2 and k 3 are the material parameters. Assigning a negative or positive value to k 3 can
model the softening or hardening effect of the shear stress on the resilient modulus. The material parameters used in this paper are presented in Table 3.
Ballast
k1
k2
k3
Poisson’s Ratio
Density (kg/m3)
Clay Subgrade
k1
k2
k3
Poisson’s Ratio
Density (kg/m3

1400
0.2
-1.35
0.4
1800
245
0.
-0.4
0.45
1500

Table 3. Ballast and clay material parameters used in non-linear analysis

3.2

Non-linear damping

The non-linear damping is based on [20]:

(

ξ = d1 +  d 2 1 + 0.15(100γ dev )

)


(6)



Where ξ is the damping ratio, γdev is the deviatoric shear strain and d1 & d2 are material parameters. The parameters used in this paper are shown in Table 4.
− 0.9 0.75

Ballast
d1
d2
Clay Subgrade
d1
d2

1.5
15
3
12

Table 4. Track damping material parameters used in non-linear speed effect analysis

Figure 5 shows an analysis using the non-linear model for a train speed of 75 m/s and assuming that small diameter stone columns exist below the ballast layer. Using the parameters in
Tables 3 and 4 the analysis predicts a very high downward deflection due to a high degree of
non-linearity and subsequent uplift (i.e. although columns have been added the high-degree of
non-linearity still predicts track resonant velocity). Full calibration of the model would of
course be required at a real site and work to simulate Ledsgard using the non-linear model is
currently underway. To the Authors’ knowledge, Ledsgard represents the only site where data
of this kind is available in the international literature.
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Figure 5: Effect of non-linearity on the track response at train speed=75 m/s

4

CONCLUSIONS
• A numerical model capable of modelling high-speed track dynamics has been proposed.
• The development of the ground Mach Cone at Rayleigh ground wave velocity and subsequent train-track resonant velocity leads to high track deflections.
• At the track resonant velocity track uplift is predicted.
• A high degree of non-linearity is developed as the Rayleigh and track resonant velocity is
achieved, this has a significant impact on the track behaviour.
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