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Abstract. We analyse the effect of time-delayed position feedback in controlling friction-
induced vibrations of a single degree-of-freedom spring-mass-damper system on a moving belt.
The friction force is modeled by a dynamic (LuGre) friction model. The control force is applied
in a direction normal to the friction force. Linear stability analysis shows that the stability of the
steady-state changes via a Hopf bifurcation. Numerical analysis of the full nonlinear equations
reveals the possibility of changing the nature of the bifurcation from subcritical to supercritical
using the linear control force employed in our study. Detailed numerical studies using a con-
tinuation scheme shows an interesting range of control parameters for which the steady-state
is stable for low and high belt velocities and unstable for the intermediate ones. Interestingly,
this phenomena is observed only for those control parameters for which the bifurcation is su-
percritical in nature. In particular, there are combinations of control parameters for which the
range of intermediate belt velocities corresponding to vibrations is small and only pure slip-
ping motions are present because of the supercritical nature of the bifurcation. Hence, these
set of control parameters are ideal for practical implementation since the non-smooth stick-slip
motions are avoided.
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1 INTRODUCTION

In this paper, we explore the efficacy of a linear time-delayed position feedback in quenching
friction-induced vibrations along with changing the nature of bifurcation from subcritical to su-
percritical. For simplicity of analysis, we consider a single-degree-of-freedom friction-induced
system consisting of a spring-mass-damper system with the mass resting on a belt moving with
constant velocity. The control force is applied in a direction normal to the friction force.

Friction-induced vibrations is a type of self-excited oscillations [1] in which the system of
interest is in frictional contact with another system whichis driven by a power source. Friction
force then transfers energy from the drive system to the system of interest leading to instabilities.
This type of vibrations is frequently encountered in many engineering systems. Some typical
examples are: brake-squeal, train curve squeal, clutch chatter, machine-tool chatter, friction-
induced vibrations in robotic joints and friction-inducedvibrations in lead screw drives. Due to
their detrimental effects like high levels of noise, excessive wear of components, surface damage
and fatigue failure, these unwanted vibrations should be controlled in engineering systems.

The three widely studied instability mechanisms developedin the literature to investigate
the friction-induced vibrations are: (i) instability due to the presence of an effective negative
damping in the governing equations of motion [2, 3, 4], (ii) the mode coupling instability [5, 6],
and (iii) the sprag-slip instability [7, 8]. The negative damping in the system appears due to
the drooping characteristic of the friction force in the lowrelative velocity regime (also known
as the Stribeck effect). The last two instability mechanisms, however, do not require variable
friction coefficient to induce vibrations. We will only consider the instability due to the Stribeck
effect of the friction force in this paper to study the control of friction-induced vibrations by
time-delayed position feedback.

Friction modeling is an inherent part of the study of frictional instability. There is a vast liter-
ature on the development of different friction models that can describe different experimentally
observed friction phenomena [2, 3, 4, 9, 10, 11, 12, 13, 14]. Depending on the functional forms,
the friction models can be divided into three categories : (i) static friction models [2, 3, 4], (ii)
dynamic friction models [9, 10, 11] and (iii) acceleration-dependent friction models [12, 13, 14].
Coulomb friction model and Stribeck friction models, in which the friction force depends on the
relative velocity of the contacting surfaces, fall under the category of static friction models. The
static friction models cannot describe the hysteretic effects of friction and so, dynamic friction
models and acceleration-dependent friction models are developed.

In our previous works [15, 16, 17], we have mainly consideredStribeck friction models.
However, hysteretic effects of friction are also importantfor complete description of friction
phenomena and have been observed experimentally under unsteady conditions (especially pe-
riodic vibrations) where the relative velocity oscillates[10, 13, 14, 18, 19]. In this paper, we
consider the LuGre friction model proposed by Canudas de Witet al. [10] which is a widely
used dynamic friction model. The bifurcation of the uncontrolled friction-induced oscillation
system with the LuGre friction model is found to be subcritical in nature [16, 20]. This type
of bifurcation is generally known as hard (or dangerous) in asense that the steady-state of the
system might become unstable due to a definite perturbation of a system parameter near the
stability boundary resulting in a large amplitude vibrations. In contrast, supercritical bifurca-
tion is sometimes called soft (or safe) in engineering literature due to the fact that this type of
bifurcation guarantees global stability in the linearly stable regime and small amplitude vibra-
tions when the stability boundaries are crossed preventingdetrimental damage to the structure.
Hence, supercritical bifurcations are more desirable thanthe subcritical bifurcations. In this

2



Ashesh Saha, Pankaj Wahi

present study, we explore the possibility of achieving supercritical bifurcation using an appro-
priate control strategy.

Several control strategies (both passive and active) have been developed in the literature to
attenuate or completely quench friction-induced vibrations [4, 15, 16, 17, 20, 21, 22, 23]. Con-
trolling these vibrations due to the drooping characteristics by using a traditional PID controller
requires a derivative component. However, a time-delayed controller only needs a position feed-
back to quench friction-induced vibrations completely [16, 22, 23, 15, 17] making it a popular
choice among researchers. In this work, we apply linear time-delayed position feedback in a
direction normal to the friction force to increase the stable regions as well as to control the
nature of associated bifurcation. The reason that we achieve supercritical bifurcation is due to
the fact that the control force couples with the inherent nonlinearities of the friction force and
produces new nonlinear terms. The feedback controller is ofthe same form as that discussed in
[15, 16, 17, 23].

The rest of the paper is organised as follows. We introduce the mathematical model of the
system with the LuGre friction model in Section 2 with control force applied in a direction
normal to the friction force. Linear stability analysis is performed in Section 3 to obtain the
stability boundaries separating the linearly stable and unstable equilibriums. Various results are
discussed in detail in Section 4. Finally, some conclusionsare drawn in Section 5.

2 THE MATHEMATICAL MODEL

In this present study on the control of friction-induced oscillations, we consider a simplified
model consisting of a spring-mass-damper system with the mass resting on a friction belt mov-
ing with a constant velocity. The schematic representationof the corresponding physical model
is shown in Fig. 1 in whichN∗

0 is the normal load (including the weightM g of the oscillator
block) in the absence of control force andF ∗

c is the control force. The control force is applied in
a direction normal to the friction force which we call as the ‘normal control force’ for simplicity.

X(t) * *
c0

N +F

K

C

b
V

M

Figure 1: Damped harmonic oscillator on a moving belt as a model for friction-driven vibrations with normal
control force.

The governing equation for this system with normal control force is given by

M
d2X

dt2
+ C

dX

dt
+ K X = (N∗

0 + F ∗

c ) f (Vr) , (1)

whereN∗

0 is the total normal load acting on the slider in the absence ofthe control force,F ∗

c is
the control force andf (Vr) is the friction function (friction force per unit of normal load). We
will use time-delayed control force of the following form [15, 16, 17, 23]:

F ∗

c = K∗

c1 (X (t − T ∗

1 ) − X(t)) . (2)
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whereK∗

c1 is the control gain andT ∗

1 is the time-delay. Using the characteristic time scale
fixed byω0 =

√
K/M and the characteristic length fixed byx0 = g/ω2

0, we obtain the non-
dimensional equation of motion as

x′′ + 2 ξ x′ + x = (N0 + Kc1 (x (τ − T1) − x (τ))) f (vr) , (3)

where primes denote derivative with respect to the non-dimensional timeτ = ω0 t. The other
non-dimensional quantities are

x =
X

x0
, vb =

Vb

ω0 x0
, vr = vb − x′, ξ =

C

2 M ω0
, N0 =

N∗

0

M ω2
0 x0

, Kc1 =
K∗

c1

M ω2
0

, T1 = ω0 T ∗

1 .

We represent the friction functionf (vr) by the LuGre friction model [10] which is one of the
most widely used form of a dynamic friction model and it includes more complicated physical
phenomenon like hysteresis associated with friction. In this model, the asperities in the contact
surfaces are considered as elastic spring like bristles with damping and the microscopic degrees
of freedom associated with the bristle deflections are used to define the friction force. The
total friction force in the LuGre friction model is considered to be a summation of the average
force associated with the deflection of the bristles and a viscous term proportional to the relative
velocity between the surfaces in contact. The friction function is accordingly given by

f (vr) = σ0 ẑ + σ1
dẑ

dτ
+ σ2 vr, (4)

whereẑ is the average bristle deflection,σ0 is the bristle stiffness,σ1 is the bristle damping and
σ2 is the viscous component of the frictional force. The equation governing the evolution of the
average bristle deflection (see [10]) is

dẑ

dτ
= vr

(
1 −

σ0 ẑ

g (vr)
sgn(vr)

)
. (5)

The functiong (vr) in the above equation determines the stribeck effect (or thedrooping char-
acteristic) and it is represented as

g (vr) = µk + ∆µ e−( vr

vs
)
2

, (6)

wherevs is the stribeck velocity which is the relative velocity at the transition from microslip
(stick) to macroslip. Equations (3) to (6) describe the complete equations of motion for our
system which can be written compactly in the state-space form as

x′ = u ,

u′ = −2 ξ u − x + (N0 + Kc1 ((x)T1
− x))

(
σ0 ẑ + σ1

dẑ

dτ
+ σ2 vr

)
, (7)

ẑ′ = vr

(
1 −

σ0 ẑ

g (vr)
sgn(vr)

)
,

wherevr = vb − x′.

3 LINEAR STABILITY ANALYSIS

We first find the fixed points of the system given by eqn. (7) by setting (x′ = u′ = ẑ′ = 0)

asxs = N0 (g (vb) + σ2 vb), us = 0 and ẑs = −
g (vb)

σ0

. Linearizing eqn. (7) about these fixed

points, we get
x̃′ = L x̃ + R (x̃)T1

, (8)
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wherex̃ = (x − xs, u − us, ẑ − ẑs)
T and the matricesL andR are

L =




0 1 0

−1 − Kc1 (g (vb) + σ2 vb) −2 ξ − N0

(
σ1 vb g′(vb)

g(vb)
+ σ2

)
σ0 N0

(
1 −

σ1 vb

g(vb)

)

0 −
vb g′(vb)

g(vb)
σ0 vb

g(vb)


 (9)

and

R =




0 0 0
Kc1 (g (vb) + σ2 vb) 0 0

0 0 0


 . (10)

Substituting̃x = c̃ es τ in eqn. (8), we obtain the characteristic equation

det(L + R e−s τ
− s I) = 0, (11)

whereI is the identity matrix. Substitution ofL andR from eqns. (9) and (10) in eqn. (11)
results in

s3 + α2 s2 + α1 s + a0 + b0 Kc1 (s + a0)
(
1 − e−s T1

)
= 0, (12)

whereα2 = 2 ξ + a0 + N0

(
σ2 + a0

σ1

σ0

g′ (vb)

)
, α1 = 1 + 2 ξ a0 + a0 N0 (σ2 + g′ (vb)),

a0 =
σ0 vb

g (vb)
and b0 = g (vb) + σ2 vb. At the stability boundary corresponding to the Hopf

bifurcation, we haves = j ω. Substituting this in eqn. (12) and separating the real and imaginary
parts, we get

ω b0 Kc1 sin(ω T1) + a0 b0 Kc1 cos(ω T1) = a0 + a0 b0 Kc1 − α2 ω2, (13)

a0 b0 Kc1 sin(ω T1) − ω b0 Kc1 cos(ω T1) = ω3
− α1 ω. (14)

The critical values ofKc1 andT1 are obtained by solving eqns. (13) and (14) as

Kc1o =
ω6+(α2

2
−2 α1)ω4+(α2

1
−2 a0 α2)ω2+a2

0

2 b0(ω4
−(α1−a0 α2) ω2

−a2
0)

,

T1o = 2
ω

[
tan−1

(
ω4+(a0 α2−α1) ω2

−a2
0

(a0−α2) ω3
−(a0 α1+α2) ω

)
+ 2 i π

]
∀i = 0, 1, 2, . . . ,∞.

(15)

4 RESULTS AND DISCUSSIONS

The stability boundaries in the plane of the control parameters for different belt velocitiesvb

and normal loadN0 are shown in Fig. 2 using eqn. (15). The stable region increases with an
increase in the belt velocityvb and a decrease in the pre-normal loadN0.

Figure 3 shows the critical belt velocityvbo corresponding to the Hopf bifurcation point as
a function of the time-delayT1 for different values of control gainsKc1. Regions A and B in
Fig. 3 are stable and unstable equilibrium regions, respectively. It is observed from Fig. 3 that
for some set of control parameters, especially corresponding to small time-delays, there exists
two values ofvbo; one on the higher side and the other in the lower side. For convenience, we
call these values ofvbo as(vbo)h and(vbo)l, respectively. Hence, we expect two Hopf bifurcation
points in the bifurcation diagram for these set of control parameters. It is also observed from
Fig. 3 that the critical belt velocity(vbo)h

first decreases with the increase of time-delayT1,
reaches a minimum for a certainT1 and then increases again. Beyond a particular value ofT1,
the critical belt velocity for the controlled system becomes higher than that for the uncontrolled
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Figure 2: Stability boundaries for normal control force with LuGre friction model. Parameters:µs = 0.3, µk =

0.1, vs = 0.1, ξ = 0.05, σ0 = 100, σ1 = 10, σ2 = 0.05, (a)N0 = 1, (b) vb = 0.18.
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Figure 3: Time-delay vs critical belt velocity for different control gains. Region A: stable equilibrium, region B:
unstable equilibrium. Parameters:µs = 0.3, µk = 0.1, vs = 0.1, ξ = 0.05, σ0 = 100, σ1 = 10, σ2 = 0, N0 = 1.

system which is certainly undesirable. A completely opposite situation occurs for(vbo)l; it first
increases with the increase ofT1, reaches a maximum and then decreases again till it vanishes
for a particular value ofT1. The minimum value of(vbo)h and the maximum value of(vbo)l,
however, do not occur for the same value ofT1. Again, we observe from Fig. 3 that the mag-
nitude of(vbo)h decreases with the increasing values of control gainKc1 and the magnitude of
(vbo)l increases with the increasing values of control gainKc1. The two critical belt velocities
(vbo)h and(vbo)l come very close to each other for a very high value of control gainKc1. These
observations will be more clear when we plot the bifurcationdiagrams later in this section for
different set of control parameters.

Having established the effectiveness of the linear normal control force in quenching vibra-
tions for the LuGre friction model, we need to study its effect on the nature of the bifurca-
tion. In that direction, we present the bifurcation diagrams generated numerically using the
DDE-BIFTOOL [24] for two typical set of control parameters,one belonging to the subcritical
regime (Kc1 = 1 with T1 = 1) and the other to the supercritical regime (Kc1 = 7 with T1 = 1)
in Fig. 4. In the bifurcation diagrams, the variation of the amplitudes of the limit cycles are
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Figure 4: Bifurcation diagrams withvb as the bifurcation parameter. Parameters:µs = 0.3, µk = 0.1, vs = 0.1,
ξ = 0.05, N0 = 1, σ0 = 100, σ1 = 10, σ2 = 0, T1 = 0.75, (a)Kc1 = 1, (b) Kc1 = 9.

plotted against the belt velocityvb. It is observed from Fig. 4 that for lower values of the control
gainKc1 the bifurcation is subcritical in nature while when the control gain is increased above
a certain critical value, the nature of the bifurcation becomes supercritical.

To show the transition of bifurcation from subcritical to supercritical for increasing value of
control gainKc1, some more bifurcation diagrams for different values ofKc1 (for fixed value
of T1 = 0.75) are plotted in Fig. 5. As expected, the critical belt velocity (vbo)h decreases with
increasing values ofKc1. An interesting phenomena could be observed from the bifurcation
diagrams in Figs. 5(a) and (b). We observe from these bifurcation diagrams that for some
intermediateKc1 values the unstable pure slipping limit cycles resulting from the subcritical
Hopf bifurcation stabilizes to result in stable pure-slipping limit cycles at the turning point
(fold bifurcation point). This phenomena could be recognized clearly from the bifurcation
diagrams forKc1 = 4 andKc1 = 5. It is observed from Fig. 5(b) that supercritical bifurcation is
achieved for a control gain ofKc1 = 8 and the nature of bifurcation is subcritical for all control
gains lower than this value. Figure 5(c) shows supercritical bifurcations obtained for control
gainsKc1 = 8, 9, 10 and11, respectively. Both the critical belt velocities(vbo)h and (vbo)l

for a particular set of control parameters could be observedfrom these bifurcation diagrams.
However, we have not found(vbo)l from numerical simulation while the bifurcation is subcritical
in nature. As discussed earlier and as shown in Fig. 3, the critical belt velocities(vbo)h and
(vbo)l approach each other for higher values ofKc1 and the equilibrium is globally stable for
belt velocitiesvb > (vbo)h andvb < (vbo)l.

To investigate the effect of the control force on the system vibrations, time-history of the
displacement and phase-plane plots of the system before andafter the application of the control
force with varying control gains are shown in Figs. 6(a) and (b), respectively. The belt velocity
chosen for obtaining these figures isvb = 0.18 for which an unstable pure slipping limit cycle
coexists with a stable pure slipping limit cycle when the control gain isKc1 = 4 (see Fig. 5(a)).
We first obtain the time-response in Fig. 6(a) for the non-dimensional time spanτ = 0 − 150
without the application of the control force (uncontrolledsystem). At timeτ = 150 the control
force with gainKc1 = 2 is applied leading to a reduced amplitude of vibration. The control gain
is then increased toKc1 = 4 at τ = 300, to Kc1 = 4.2 at τ = 450 and toKc1 = 5 at τ = 600.
In all the aforementioned cases, the time-delay is fixed toT1 = 0.75. Every time, the amplitude
of vibration decreases with the increase of control gain andultimately, the vibration ceases to
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Figure 5: Bifurcation diagrams withvb as the bifurcation parameter. Parameters:µs = 0.3, µk = 0.1, vs = 0.1,
ξ = 0.05, N0 = 1, σ0 = 100, σ1 = 10, σ2 = 0, T1 = 0.75.
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Figure 6: (a) Time-displacement response. Control gainKc1 for (τ = 0 − 150) : 0, (τ = 150 − 300) : 2,
(τ = 300 − 450) : 4, (τ = 450 − 600) : 4.2, (τ = 600 − 750) : 5. (b) Phase-plane plots. Other parameters:
vb = 0.18, µs = 0.3, µk = 0.1, vs = 0.1, ξ = 0.05, N0 = 1, σ0 = 100, σ1 = 10, σ2 = 0, T1 = 0.75.
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exist for Kc1 = 5. The phase-plane plots in Fig. 6(b) show that the vibration is stick-slip in
nature for the uncontrolled system and for the controlled system withKc1 = 2. The limit cycles
become pure slipping in nature for control gainsKc1 = 4 andKc1 = 4.2 wherein the maximum
velocity of the oscillator block is very close to the belt velocity for Kc1 = 4 implying that it is
at the impending sticking phase.

5 CONCLUSIONS

In this paper, we considered a linear time-delayed positionfeedback in controlling friction-
induced vibrations in a single-degree-of-freedom spring-mass-damper system on a moving belt.
A dynamic (LuGre) friction model is considered for the analysis for which the bifurcation is
subcritical in nature for the uncontrolled system [20, 16] and consequently, the system is prone
to large amplitude vibrations near the stability boundary.We explore the possibility of chang-
ing the nature of bifurcation from subcritical to supercritical by applying the control force in a
direction normal to the friction force. Linear stability analysis is performed to obtain the critical
belt velocity corresponding to the Hopf bifurcation point.The changing nature of bifurcation
is verified through bifurcation diagrams of the system obtained numerically using the software
package DDE-BIFTOOL. We find a pair of critical belt velocities for a particular set of control
parameters signifying stable equilibriums for low and highbelt velocities and unstable equilib-
riums for the intermediate belt velocities. Numerically obtained bifurcation diagrams capture
the lower critical belt velocity only when the bifurcation is supercritical in nature. We also find
an interesting result in which the unstable pure slipping limit cycle gives birth to a stable pure
slipping limit cycle at the turning point (cyclic fold bifurcation point).
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