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Abstract. The paper deals with design sensitivity and optimization of perforated plates which
interact with acoustic waves. Transmission conditions for coupling the acoustic pressure fields
on both sides of the interface were derived using the homogenization of vibroacoustic interac-
tions in a fictitious layer in which the Reissner-Mindlin type of deforming plate is embedded.
The sensitivity analysis of an objective function with respect to the perforation design is based
on the shape derivatives and the adjoint equation technigue. The problem of minimization, or
maximization of transmission losses in a waveguide containing the plate can be solved to find
piecewise periodic design of the plate perforation the shape of which is described with a few
optimization parameters.
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Figure 1: Left: The global domain decomposition into Ω+ and Ω− separated by the homogenized perforated plate
represented on the interface Γ0. Center: The transmission conditions were derived using homogenization of the
vibroacoustic problem, the acoustic pressure jump is proportional to the transverse acoustic velocity g0. Right:
perforated interface and the representative periodic cell Y = Y ∗ ∪ S.

1 INTRODUCTION

We consider problems of the acoustic wave propagation through vibrating perforated plates.
The aim is to reduce the noise produced by a source, transmitted through the acoustic fluid
and influenced by perforated compliant plates. There are many challenging applications of this
problem in the aerospace and automotive engineering.

The acoustic problem described by the Helmholtz equation involves homogenized trans-
mission conditions imposed along a compliant plate. In [6], using the asymptotic analysis we
developed the homogenized transmission conditions to be imposed on the interface plane rep-
resenting the slab with a periodic perforation which, in general, is designed by obstacles having
arbitrarily complicated shapes. The compliant plates were treated in [8], cf. [9] where the
framework of the Reissner-Mindlin theory was used to derive the vibro-acoustic transmission
conditions which take into account specific shapes of the holes in the plate.

The design variables modify locally the shape of the perforation, i.e. for any “macroscopic”
point on the homogenized plate interface, a special set of design variables can be considered.
Some smoothness constraints are involved in the formulation; this is necessary for eligibility
of the homogenization method. The state problem and, thereby, also the sensitivity analysis
comprise two levels, see Section 2: a) the macroscopic problem involving the homogenized
transmission coefficients (HTC), b) the local microscopic problems solved in computational
cells; the local solutions define the HTCs.

In Section 3, we present the sensitivity analysis based on the adjoint system technique. Nu-
merical examples of optimization problems and computing the sensitivities of the transmission
loss with respect to the HTC depending on the shape of the perforation coefficients involved in
the vibro-acoustic transmission model are presented in Section 4.

We consider the global problem of the wave propagation in a duct ΩG ⊂ R3 filled by the
acoustic fluid. ΩG is subdivided by perforated plate Γ0 in two disjoint subdomains Ω+ and Ω−,
so that ΩG = Ω+ ∪ Ω− ∪ Γ0, see Figure 1. The acoustic pressure field p is discontinuous in
general along Γ0. In a case of no convection flow (the linear acoustics), the waves propagating
in Ω are described by the following equations where ω is the wave frequency (i.e. ω = κcwhere
c is the sound speed and κ is the wave number)

c2∇2p+ ω2p = 0 in Ω+ ∪ Ω− ,

transmission conditions G(ω, [p]+−, [∂p/∂n]+−) = 0 on Γ0 ,

riωp+ c2 ∂p

∂n
= s2iωp̄ on ∂Ω ,

(1)
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where s, r and p̄ are given data, [·]+− is the jump across Γ0 and ∂p
∂n

= n · ∇p is the normal
derivative on Γ0. Boundary ∂Ω = Γw ∪ Γin ∪ Γout of the duct is split into walls and the
input/output parts; by the constants r, s in (1)3 different conditions on ∂Ω are respected: r =
s = 0 on the duct walls Γw, whereas r = s = 1 on Γin and r = 1, s = 0 on Γout.

The homogenized transmission conditions G = 0, see (1), was developed in [6] for rigid
plates and general shape of the holes; two internal variables on Γ0 were introduce: the “in-
layer” acoustic pressure p0 and the “transversal” acoustic velocity g0, which is coupled with
the global fields through: c2∂p/∂n± = ±iωg0, so that [∂p/∂n]+− = 0. In [3] we reported on
homogenization of the vibro-acoustic transmission on the perforated plate. Since we relied on
an extension of the homogenized Reissner-Mindlin plate tailor-made for perforation by general
cylindrical holes with axes orthogonal to the mid-plane of the plate, the transmission problem
led to two subproblems: the membrane “in-plane” modes of the plate vibrations coupled with
surface tangent acoustic waves and the deflection-rotation modes of the plate vibrations coupled
with the exterior acoustic fields. In this paper we focus on the latter problem in which the
transmission condition involves the transversal acoustic velocity g0.

2 THE STATE PROBLEM OF OPTIMIZATION INVOLVING THE HOMOGENIZED
PLATE

By virtue of the homogenization method applied to derive the acoustic transmission condi-
tion, the state problem is decomposed into the global problem and the local problems, the latter
being related to a specific perforation geometries for which the homogenized coefficients are
computed.

2.1 The global state problem

The global vibroacoustic problem involving the homogenized plate is described in terms of
the quadruple U := (p, g0, w,θ), where p is the global acoustic pressure field defined in Ω,
being discontinuous on Γ0 representing the plate, g0 is the transversal acoustic velocity on Γ0,
w is the plate deflection and θ describes the rotation of the plate transversal sections (w.r.t. a
rigid frame). To introduce the weak formulation, we employ the test fields V = (q, ψ, z,ϑ)
associated with U. The following bilinear forms are introduced, where in the r.h.s. expressions
〈·, ·〉Γ0

is the inner product on Γ0 and F,C3,GH ,CCH and T33 are the homogenized coefficients
defined in Section 2.2, Eq. (8), for the local perforation geometries, thus, being functions of
x ∈ Γ0: The inertia and fluid-structure interaction effects are associated with

F(g, ψ) = 〈Fg, ψ〉Γ0
,

C(u, ψ) = 〈C3u, ψ〉Γ0
,

N (u, z) =

〈(
h
ρS
ρ0

+ T33

)
u, z

〉
Γ0

,

M(θ,ϑ) =
h3

3

〈
ρS
ρ0

θ, ϑ

〉
Γ0

.

(2)

whereas the plate stiffness in shear and bending effects are associated with

G
(
∇w,ϑ

)
= h

〈
GH∇w, ϑ

〉
Γ0

,

E(∇S
θ,∇S

ϑ) =
h3

3

〈
CCH∇S

θ, ∇S
ϑ
〉

Γ0

,
(3)
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where h is the plate thickness, ρS is the effective plate density and ρ0 is the fluid density.
The state problem reads, as follows: Find U := (p, g, w,θ) ∈ U = H1

−1(Ω,Γ0)× L2(Γ0)×
H1

0 (Γ0)×H1
0(Γ0), such that

Ψ(U,V) = f(V) ∀V = (q, ψ, z,ϑ) ∈ U0 = U , (4)

where

Ψ(U,V) := c2 (∇p, ·∇q)Ω − ω
2 (p, q)Ω + iωc〈p, q〉Γin−out

− iωc2
〈
g, q+ − q−

〉
Γ0

+ ω2 [C(w,ψ) + C(z, g)−F(g, ψ)−N (w, z)−M(θ,ϑ)]

+ E(∇S
θ,∇S

ϑ) + G
(
∇w − θ,∇z − ϑ

)
− iω

1

ε0

〈
ψ, p+ − p−

〉
Γ0

,

f(V) := 2iω〈p̄, q〉Γin
,

(5)

and U is the set of admissible solutions. In (4), byH1
−1(Ω,Γ0) we denote the space of piecewise

weakly differentiable functions with discontinuity on Γ0,

H1
−1(Ω,Γ0) = L2(Ω) ∩H1(Ω+ ∪ Ω−) , Γ0 = Ω+ ∩ Ω− .

2.2 The local state problems and formulae for the transmission parameters

The homogenized transmission conditions are introduced in terms of local response func-
tions defined in the representative periodic cell Y ⊂ R3 describing the perforation geometry.
Let Y = Ξ × ]− 1/2,+1/2[, where Ξ = ]0, 1[ × ]0, 1[ is on the mid-plane of the plate. By
S ⊂ Y we denote the solid part of the cell which represents a segment of the plate immersed
in the acoustic fluid occupying Y ∗ = Y \ S. Only cylindrical holes “orthogonal” to the plate
mid-plane can be considered, but otherwise their shape can be quite arbitrary. Thus, the solid
part of the representative periodic cell is situated in Ξ × ]− hY /2,+hY /2[ where hY << 1/2
is the “relative plate thickness”. The plate segment is generated using ΞS defined in terms of
the “hole shape” ΓS , see Fig. 2, so that Ξ = ΞS×]− hY /2,+hY /2[ is a cylinder. The geometry
just introduced will be called the “simple perforation design”.

Below we use the space H1
#(Ξ)(Y

∗) constituted by all Ξ-periodic functions in the Sobolev
space H1(Y ∗) (as the consequence, H1

#(ΞS) is constituted by all Ξ-periodic functions). Func-
tions ξ, ηk ∈ H1

#(Ξ)(Y
∗) satisfy (I±y = {y ∈ ∂Y | y3 = ±1/2})

(∇yξ, ∇yψ)Y ∗ = −

(∫
I+y

ψ −
∫
I−y

ψ

)
,

(
∇yη

k, ∇yψ
)
Y ∗ = −

∫
∂S

nkψ , k = 1, 2, 3 ,

(6)

for all ψ ∈ H1
#(Ξ)(Y

∗). Functions χrs ∈ H1
#(ΞS)/R and χk ∈ H1

#(ΞS)/R, k, r, s = 1, 2,
satisfy

∼
∫

ΞS

(CC∇S

y (χrs + Πrs) : ∇S

y v = 0 ∀v ∈ H1
#(ΞS) ,

∼
∫

ΞS

γ∇y(χ
k + yk) · ∇yz̃ = 0 ∀z̃ ∈ H1

#(ΞS) ,

(7)

4



Eduard Rohan, Vladimı́r Lukeš
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Figure 2: Left: Piecewise periodic perforated plate; six shapes of cylindrical holes. Right: The representative
periodic cell Y for homogenization of the vibroacoustic transmission problem. The plate occupies the part S
which is generated by the 2D domain ΞS . The design-generating curve is ΓS ⊂ ∂ΞS .

where Πrs = (Πrs
i ), Πrs

i = ysδri with i, r, s = 1, 2. Using solutions of (6) and (7), the homoge-
nized transmission coefficients can be computed:

F =∼
∫
I+y

ξ− ∼
∫
I−y

ξ ,

Ck =∼
∫
I+y

ηk− ∼
∫
I−y

ηk =∼
∫
∂S

nkξ , k = 3 ,

Tkj = − ∼
∫
∂S

ηknj , k = j = 3 ,

ρ̄S =∼
∫

ΞS

ρ ,

CH
ijkl = cΞS

(
χkl + Πkl, χij + Πij

)
,

GH
kl =

∫
ΞS

γ∇y(χ
k + yk) · ∇y(χ

l + yl) .

(8)

3 OPTIMAL DESIGN AND SENSITIVITY ANALYSIS

The design of periodic plate perforations can be controlled by distributed design variables
d which describe the shape of the hole within the representative periodic cell. It is given by
the design curve ΓS := ∂ΞS \ ∂Ξ which determines the simple cylindrical type of perforations,
thus the shape of domain Y ∗, so that d influences all the homogenized coefficients presented in
Section 2.2. In a more general setting of “nearly-periodic” perforation, the geometry of holes
can vary with the global coordinate x ∈ Γ0, so that (6)-(8) are defined locally in a domain Γk0,
k ∈ K which can be identified with elements of the finite-element partitioning of Γ0

We can now define the optimal perforation design problem:

min
d∈Dadm

Φ(U)

subject to: U solves (3),

where F,C3, T33, ρS,CC
H ,GH are given by local solutions to (6)-(8).

(9)

Above Dadm is the set of admissible designs, constraining the shape regularity of ∂S and typi-
cally some other features, like porosity of the interface. For the “nearly-periodic” perforations,
Dadm contains some smoothness constraints related to the scale ε0.
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3.1 Graded perforation and sensitivity analysis

The homogenization method which is employed usually to handle periodic structures, can
be applied also in cases, where the structure is only locally periodic. Thus, in general, we can
introduce ΓS(x′), x′ ∈ Γ0 as locally periodic shapes: there exists a nonoverlapping decomposi-
tion Γ0 =

⋃
k∈K Γk0, Γk0 ∩ Γl0 = ∅, if k 6= l, such that ΓS(x′) = ΓkS for x′ ∈ Γk0. Some regularity

constraints should be introduced to control the shape variation. Let γk : ΓS 7→ ΓkS be an isomor-
phism of the reference curve ΓS on the local curve ΓkS and dk = (dki ) be the design parameters
describing the shapes of ΓkS , k ∈ K. Lipschitz continuity ‖γk − γl‖C0(ΓS) ≤ C|xk − xl|, where
xk is the barycenter of Γk0, can be expressed by the following constraint on the distributed shape
parameters: |dki − dli| ≤ Ckl.

The sensitivity analysis follows the standard flowchart of the adjoint equation technique
independently of the number of design variables associated with shapes of ΓkS for all local
structures k. A special care must be taken when the objective function Φ is real-valued. Given
design, {dk}k∈K ∈ Dadm , for a given frequency ω, we proceed by the following steps.

• Compute the state U = (p, g, w,θ) satisfying the state problem (4)-(5);

• Evaluate the objective function value Φ(U) and δUΦ(U; V).

• Compute the adjoint state W = (p̃, g̃, w̃, θ̃) for given state U and δUΦ(U; ·), by solving
the adjoint equation (it splits in two coupled real-valued problem, as will be explained in
detail below),

2<Ψ(V,W) = −
[
δ<(U)Φ(U; V)− iδ=(U)Φ(U; V)

]
∀V ∈ U0 ; (10)

• Compute the shape sensitivity (δshF, δshC3, δshT33, δshρS, δshCCH , δshGH) of the homog-
enized coefficients w.r.t. the distributed parameters dk, k ∈ K; see [3] for details. For
simplicity, we assume the shape derivative of Φ vanishes, i.e. δshΦ = 0.

• Evaluate the total variation using the final sensitivity formula:

δΦ(U) :=2<
{
ω2 [∂C3C(w, g̃) + ∂C3C(w̃, g)] ◦ δshC3 − ω2∂FF(g, g̃) ◦ δshF

− ω2
[
∂(ρS ,T33)N (w, w̃) ◦ (δshρS, δshT33) + ∂ρSM(θ, θ̃) ◦ δshρS

]
+∂CCHE(∇S

θ,∇S
θ̃) ◦ δCCH + ∂GHG

(
∇w − θ),∇w̃ − θ̃)

)
◦ δshGH

}
.

(11)

To compute the shape sensitivity (above denoted by δsh) of the homogenized coefficients, we
use the material derivative as the standard tool see [2]; the particular formulae can be found in
[3].

3.2 Computing the adjoint state

As the objective function is real-valued and, thus, admits the real sensitivity only, whereas
the state problem leads to complex valued solutions, some care must be devoted to compute the
adjoint states (p̂, ĝ, ŵ, θ̂) involved in (11). In fact, (10) splits into two systems which, however,
are coupled. For nonvanishing real parts (qr, ψr, zr,ϑr) of the test functions , one obtains the
set of equations displayed in Tab. 1. Similarly, for nonvanishing imaginary parts (qi, ψi, zi,ϑi),
the set of equations is displayed in Tab. 2.
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c2 (∇qr, ·∇p̂r)Ω

−ω2 (qr, p̂r)Ω

−ωc〈qr, p̂i〉Γin−out +ε−1
0 ω

〈
ĝi, [qr]

+
−
〉

Γ0
= −∂pΦ(U; qr) ,

−c2ω
〈
ψr, [p̂i]

+
−
〉

Γ0
−ω2F(ψr, ĝr) +ω2C(ψr, ŵr) = −∂gΦ(U;ψr) ,

ω2C(zr, ĝr) +G(∇zr,∇ŵr)
−ω2N (zr, ŵr) −G(∇zr, θ̂r) = −∂wΦ(U; zr) ,

−G(ϑr,∇ŵr) +G(ϑr, θ̂r)

+E(∇Sϑr,∇
S
θ̂r)

−ω2M(ϑr, θ̂r) = −∂θΦ(U;ϑr) ,

Table 1: Adjoint equation, to hold for all (qr, ψr, zr,ϑr) ∈ U0

c2 (∇qi, ·∇p̂i)Ω

−ω2 (qi, p̂i)Ω

+ωc〈qi, p̂r〉Γin−out
−ε−1

0 ω
〈
ĝr, [qi]

+
−
〉

Γ0
= −∂pΦ(U; qi)

c2ω
〈
ψi, [p̂r]

+
−
〉

Γ0
−ω2F(ψi, ĝi) +ω2C(ψi, ŵi) = −∂gΦ(U;ψi) ,

ω2C(zi, ĝi) +G(∇zi,∇ŵi)
−ω2N (zi, ŵi) −G(∇zi, θ̂i) = −∂wΦ(U; zi) ,

−G(ϑi,∇ŵi) +G(ϑi, θ̂i)

+E(∇S
ϑi,∇

S
θ̂i)

−ω2M(ϑi, θ̂i) = −∂θΦ(U;ϑi) ,

Table 2: Adjoint equation, to hold for all (qi, ψi, zi,ϑi) ∈ U0
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Figure 3: Geometry of a waveguide with piecewise periodic design of the perforated plate.

4 CONCLUSIONS

We developed a homogenized model of the simply perforated plate to serve a vibro-acoustic
transmission expressed in terms of the transversal acoustic velocity which couples traces of the
discontinuous acoustic pressure field. These transmission conditions introduce also three other
“internal variables”, the deflection and two rotations associated with the Reissner–Mindlin type
of the plate. The model can be extended easily for multiple plates which are used to enhance
the acoustic absorption, cf. [10].

We consider optimal perforation design problems. The sensitivity analysis based on the
shape derivative of the perforation geometry and the adjoint equation technique was developed
which enables to compute efficiently gradients of general real-valued objective functions, such
as two-point transmission loss, or other functionals involving all the “macroscopic” fields, in-
cluding the plate deflections. The shape sensitivity was described in more details in [3], whereas
in this paper we focused on the adjoint technique application. Numerical tests will be subject of
a forthcoming publication. For illustration, we computed acoustic pressure field in a waveguide
depicted in Fig. 3.2. The plate consists of three parts with different shape of the perforations.
To design variables introduced as the control points of the spline-parametrized volume, see
Fig. 4, modify the computational cells Y and ΞS related to the acoustic and plate local prob-
lems reported in Section 3. In Tab. 3 the homogenized coefficients are listed for two designs of
the perforation. The global response in waveguide is depicted in Fig. 5. All computations are
performed using our in-house developed FEM code SfePy, http://sfepy.org.

Acknowledgments The research of was supported by the European Regional Development
Fund (ERDF), project “NTIS – New Technologies for Information Society”, European Centre
of Excellence, CZ.1.05/1.1.00/02.0090, and in part by the Czech Scientific Foundation project
GACR P101/12/2315.
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Y ∗ Y ∗ ΞS

Figure 4: The FE mesh of the computational cell Y ∗ (left), embedded in the transmission layer and its 3D B-spline
parameterization (middle). The computational cell ΞS and its 2D B-spline parametrization describing the plate
structure (right).

F = −1.354
C3 = −0.354
T33 = 0.260

CCH =

2.370 0.494 0.0
0.494 2.370 0.0
0.0 0.0 0.248

 · 1010

GH =

[
2.419 0.0
0.0 2.419

]
· 1010

F = −4.037
C3 = −3.037
T33 = 2.859

CCH =

7.670 3.592 0.0
3.592 7.670 0.0
0.0 0.0 1.899

 · 1010

GH =

[
6.403 0.0
0.0 6.403

]
· 1010

Table 3: Coefficients of the homogenized transmission condition model for two perforations.
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– modeling and optimization, in J. Náprstek etal, editors, Proc. of the 10th International

9



Eduard Rohan, Vladimı́r Lukeš
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