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Abstract. Damage localisation is a very hot topic due to the important role that it assumes
in preventing failures or breakdowns. In particular for beams, the method of mode shapes
curvatures (second spatial derivative) is the most used method to achieve this goal. The usual
way to compute these derivatives is the application of finitedifferences. These finite differences
are usually applied to a mesh of finite elements, used as a reference (undamaged) model or in
order to simulate the damage in the beams. However, there areseveral well-known problems
in the use of finite differences, such as: the propagation andamplification of numerical errors.
On the other hand, the mixed finite element method is a computational technique that provides
the values of the bending moment, which is directly related with the curvature. In this work,
a comparison between the quality of the damage localisationbased on curvatures obtained
using mixed finite elements and classical finite elements through the use of finite differences
is presented. For the computation of the finite differences,an optimized sampling technique is
proposed in order to reduce the noise propagation. Quality evaluators defined by the authors in
a previous work are used to measure the quality of the damage localisation.
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1 INTRODUCTION

Damage localisation is a very hot topic due to the important role that it assumes in preventing
failures or breakdowns of structures. Several methods based on vibration characteristics have
been proposed over the years with this objective in mind [1–3]. A method based on the differ-
ences of mode shape curvatures of undamaged and damaged beams was proposed by Pandey
et al. [4] and it is considered to be very efficient. The computation of curvatures in this work
and subsequent ones (e.g. [5–8]) relies on the second order central finite difference formula.
However, the application of these kind of formulas may lead to incorrect damage localizations,
due to its intrinsic numerical errors. Furthermore, by applying the numerical differentiation to
noisy data, the measurement errors are propagated and amplified, thus decreasing the quality
of the damage localization. Also, due to the discontinuities at the boundary, the application of
this method usually leads to high values of the differences of curvatures at the extremities of the
beam [9, 10].

In order to minimize some of these problems, an improved method for damage localization
using curvatures of the mode shapes is presented in this paper. This method relies on the com-
putation of curvatures using the mixed finite element method. Mixed finite elements are based
on mixed variational principles, where the secondary variables of the conventional principles
are also treated as dependent variables [11]. The beam mixedfinite element presented provides
the values of the bending moment, which is directly related with the curvature. Thus, one can
avoid the application of finite differences to the displacement field which is necessary when
classical finite elements are used. A simply supported beam,subjected to damage at the mid-
span, is analyzed in order to illustrate the efficiency of theproposed approach to the damage
localization using mixed finite elements and differences incurvatures.

2 FORMULATION

This Section presents the formulation of the mixed finite element used in this work, the
definition of curvatures based on this finite element and the classical (displacement based) finite
element. It also contains a description of an optimized sampling technique that is used to reduce
the numerical noise propagation.

2.1 Mixed finite element

The governing equations of a Euler-Bernoulli beam can be written as [11]:

−
d2M

dx2
− q = 0 (1)

−
d2w

dx2
−
M

EI
= 0 (2)

wherew is the transverse displacement,M is the bending moment,q is the distributed load, and
EI is the bending stiffness of the beam. These equations are thefoundations for the formulation
of mixed finite elements to analyze Euler-Bernoulli beams. The formulation presented here is
based on weak forms of Eqs. (1) and (2), but a weighted-residual method can also be used. A
weak form over an elementΩe = (xa, xb) is the following [11]:

0 =
∫ xb

xa

(
dM

dx

dδw

dx
− qδw

)
dx+ V2δw

∣∣∣
x=xb

− V1δw
∣∣∣
x=xa

(3)

0 =
∫ xb

xa

(
dw

dx

dδM

dx
−

M

EeIe
δM

)
dx+ θ2δM

∣∣∣
x=xb

− θ1δM
∣∣∣
x=xa

(4)
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whereδw andδM are, respectively, the virtual displacement and the virtual bending moment.
The bending stiffness of the element is defined byEeIe. One sees that the transverse displace-
mentw and the bending momentM are primary variables, while the rotationθ = dw/dx and the
transverse forceV = dM/dx, appearing in the boundary expressions, are secondary variables
(see Figure 1).

M2M1

w2w1

θ2θ1

V2V1

(a) (b)

Figure 1: Type of variables of a beam mixed element: (a) two displacements and two bending moments as primary
variables, and (b) two transverse forces and two rotations as secondary variables.

Since only first derivatives appear in the Eqs. (3) and (4), both the transverse displacement
w and the bending momentM can be approximated using Lagrange interpolation:

w(x) ≈
m∑

i=1

wiφi(x), M(x) ≈
n∑

i=1

Miψi(x), (5)

whereφi(x) andψi(x) are Lagrange interpolation functions. Substitutingw(x) andM(x) in
Eqs. (3) and (4),δw = φi, δM = ψi, we obtain [11]:

(
[0] [φψAe ]

[φψAe ]
T

−[ψψAe ]

)(
{we}
{Me}

)
=

(
{f e}+ {V e}

{θ̄e}

)
(6)

where

φψAeij =
∫ xb

xa

dφi
dx

dψj
dx

dx, ψψAeij =
1

EeIe

∫ xb

xa

ψiψjdx, (7)

f ei =
∫ xb

xa

qφidx, θ̄ei = (−1)i+1θei (8)

In dynamic analysis of beams a term related to the kinetic energy of the element with mass
densityρe and cross section areaAe should be added to the equations that define the weak form:

Ke =
1

2

∫ xb

xa

ρeAe

(
dw

dt

)2

dx (9)

This term is only function of the transverse displacement, yielding, in case of free vibrations,
the matrix:

Be
ij =

∫ xb

xa

ρeAeφiφjdx (10)

The matrices of all the elements need to be assembled as usualin order to obtain the global
matrices and the generalized eigenvalue problem:

(
[0] [φψA]

[φψA]
T

−[ψψA]

)(
{w}
{M}

)
= ω2

(
[B ] [0]
[0 ] [0]

)(
{w}
{M}

)
(11)
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where the vectors{w} and{M} define, respectively, the mode shapes and the corresponding
bending moments, andω are the circular frequencies. The essential boundary conditions for the
present mixed finite element are defined by:

w = ŵ on ∂Ωw and M = M̂ on ∂ΩM (12)

while the natural boundary conditions are

V = V̂ on ∂ΩV and dw/dx = θ̂ on ∂Ωθ (13)

These conditions are imposed by deleting the rows and columns of the global matrices cor-
responding to the constrained nodal degrees of freedom. Thematrices thus obtained are con-
densed, yielding the reduced generalized eigenvalue problem

[
Ā

]{
w̄

}
= ω2

[
B̄

]{
w̄

}
(14)

where
[
Ā

]
=
[
φψ
Ā

][
ψψ

Ā

]
−1[

φψ
Ā

]T
(15)

and the bar denotes the global matrices after eliminating the rows and columns and the uncon-
strained transverse displacements. The unconstrained bending moments are computed by:

{
M̄

}
=
[
ψψ

Ā

]
−1[

φψ
Ā

]T{
w̄

}
(16)

In the present work, the Lagrange interpolation functions are linear for both the transverse
displacement and the bending moment (n = m = 1 in Eq. (5)).

2.2 Damage localisation

In view of damage mechanics (see [12]), a parameterde can be defined such that the Young’s
modulus of an elemente is given by:

Ẽe = Ee(1− de) with 0 ≤ de ≤ 1 (17)

If de = 0 there is no reduction in the Young’s modulus and, therefore on the bending stiffness,
whereas ifde = 1 there will be a complete reduction of stiffness. If one uses mixed finite
elements, the curvature of a point with coordinatexj in a damage beam is computed by:

d2w̃q,M(xj)

dx2
= −

M̃q(xj)

ẼeIe
(18)

where the subscriptq denotes the mode shape number, and the subscriptM indicates that the
computation is based on mixed finite elements. However, if one uses displacement based finite
elements, the curvature needs to be computed using finite differences, since the bending moment
is not available. Computing the second derivative with a four point formula, the curvature is
approximated by:

d2w̃q,w(xj)

dx2
≈

1

3h2x

3∑

i=0

Piw̃q,w(xi) (19)

where the subscriptw indicates that the transverse displacements are computed using conven-
tional finite elements. The coefficientsPi are presented in References [13–15].
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If the beam is not damaged, the curvature in any point is computed analytically using results
coming from the application of the Ritz method:

dpwq(xj)

dxp
=

N∑

n=1

Wn

dpXn(xj)

dxp
(20)

wherep is the order of the derivative (p = 2 for curvatures),Wn are coefficients obtained by
solving an eigenvalue problem andXn(x) are analytical functions defined by Gartner and Olgac
[16]. This problem is detailed for plates in [14, 15].

Once the curvatures are computed and normalized in the same way, by setting the absolute
maximum value equal to one, the following damage indicatorsare used:

CDq,w(xj) =

∣∣∣∣∣
d2w̃q,w(xj)

dx2
−
d2wq(xj)

dx2

∣∣∣∣∣ (21)

CDq,M(xj) =

∣∣∣∣∣
d2w̃q,M(xj)

dx2
−
d2wq(xj)

dx2

∣∣∣∣∣ (22)

These indicators correspond toDFDp
q(x, y) in References [14, 15] for one-dimensional case,

beingp = 2. Also, quality evaluators similar to the ones defined in [15]are used:

µq,w = 1−

NN∑

k=1

(CDq,w)

NN
, with CDq,w ≤ 1 (23)

µq,M = 1−

NN∑

k=1

(CDq,M)

NN
, with CDq,M ≤ 1 (24)

whereNN is the number of nodes and the overline denotes that the damage indicators are
normalised such that the maximum value is equal to one.

2.3 Optimum sampling

The method to obtain the optimum sampling in order to minimize the influence of the noise
is briefly explained here for the one-dimensional case (beams) and second derivative, and more
details can be obtained in Reference [17]. Due to the finite difference method itself, there is an
error which depends on the order of the derivativep, the number of points used, the point where
the derivative is computed, the samplinghx, and the values of a higher order derivative of the
mode shapẽwq(ζ), ζ ∈ [x0, xm]. This error will be called error of the method and denoted by
Ě(m)
q . Besides this error, there are other type of errors associated with the numerical compu-

tations. This error will be denoted by̌E(r)
q , and depends on the relative numerical accuracyǫ,

the samplinghx, the coefficientsPi and the values of the mode shapew̌q(ζ), ζ ∈ [x0, xm]. The
coefficientsPi are defined by the order of the derivativep, the number of points used and the
point where the derivative is computed.

Assuming that the mode shape contains round-off errors, thereal (damaged) mode shape
valuew̃q(xj) is:

w̃q(xj) = w̌q(xj)± Ěq(xj) (25)
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wherew̌q(xj) represents a numerical value andĚq(xj) represents the round-off error. This
round-off error is such that the following inequalities hold:

Ěq(xj) ≤ w̌q(xj)
ǫ

2
≤ max|w̌q(xj)|

ǫ

2
, xj ∈ [0, L] (26)

beingL the length of the beam.
In this work, the second derivative of the mode shapes was computed using finite differences

with four points (see Eq. (19)). The optimum sampling is computing with the finite difference
formula of the interior points. In this case, the formula agrees with the central finite difference
using three points (see [13]):

d2w̃q(xj)

dx2
=
w̃q(xj−1)− 2w̃q(xj) + w̃q(xj+1)

h2x
± Ě(m)

q (xj) (27)

where

Ě(m)
q (xj) ≤

h2x
12

max

∣∣∣∣∣
d4w̃q(ζ)

dx4

∣∣∣∣∣ (28)

According to this inequality, in order to compute the maximum error associated with the
methodĚ(m)

q , it is necessary to know the values of the fourth derivative of the damaged mode
shape, which, in general, is not possible. However, this difficulty can be overcomed by using the
Ritz method. Because this method allow us to analytically compute the derivatives of any order,
we can approximate the maximum of the fourth derivative of the mode shape by the maximum
of the corresponding fourth derivative of the undamaged Ritz mode. This is accomplished by
considering Eq. (20) withp = 4:

max

∣∣∣∣∣
d4w̃q(ζ)

dx4

∣∣∣∣∣ ≃ max

∣∣∣∣∣
d4wq(ζ)

dx4

∣∣∣∣∣ ≤ max

∣∣∣∣∣
d4wq(x)

dx4

∣∣∣∣∣ , x ∈ [0, L] (29)

On the other hand, considering Eq. (25):

d2w̃q(xj)

dx2
=
w̌q(xj−1)− 2w̌q(xj) + w̌q(xj+1)

h2x
+ Ě(r)

q (xj) + Ě(m)
q (xj) (30)

where, attending to Eq. (26),

Ě(r)
q (xj) ≤

2ǫ

h2x
max|w̌q(ζ)| ≤

2ǫ

h2x
max|w̌q(x)| , x ∈ [0, L] (31)

Therefore, the total error is given by:

Ě(t)
q (xj) = Ě(r)

q (xj) + Ě(m)
q (xj) ≤

2ǫ

h2x
max|w̌q(x)|+

h2x
12

max

∣∣∣∣∣
d4wq(x)

dx4

∣∣∣∣∣ = Ě(t,max)
q (xj) (32)

and the optimum sampling for each mode is computed as the one that minimizes the maximum
total error:

dĚ(t,max)
q (xj)

dhx
= 0 (33)
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P. Moreno-Garcı́a, J.V. Araújo dos Santos, H.M.R. Lopes

3 RESULTS

A thin steel beam with a length of 1 m, a width of 0.01 m, and a thickness of 0.002 m is
analyzed. The Young’s modulus and the mass density are, respectively, 210 GPa and 7800
kg/m3. The beam is discretized with four different meshes, corresponding to the optimumhx
for every one of its first four mode shapes, according to Section 2.3. These four mode shapes
are computed with each one of the discretizations describedin Table 1. All the computations
presented in this work were performed using single precision. The boundary conditions are such
that the beam is simply supported in both ends. Damage is applied in the element at the center
of the beam by imposing three different values ofde: 0.1, 0.01 and 0.001. In the remaining
elements,de = 0.

Mesh 1 2 3 4
No. of elements 65 129 193 257

Table 1: Number of elements in each mesh.

Figure 2 shows the damage indicatorsCD1,w andCD1,M with the corresponding quality
evaluatorsµ1,w andµ1,M for the three values of the damage parameter, using mode 1 and257
elements (Mesh 4). It can be seen that the damage indicator based on displacements has a
worse performance when the damage is small, while the damageindicator based on bending
moments has a similar behaviour for the three levels of damage. In these cases, the quality
evaluators always decrease when the quality of the damage localisation decreases. On the other
hand, Figure 3 shows the damage indicatorsCD4,w andCD4,M with the corresponding quality
evaluatorsµ4,w andµ4,M for the three values of the damage parameter, using mode 4 and129
elements (Mesh 2). In this case, for the damage indicator based on displacements, high values
of the quality evaluator do not necessarily correspond to good damage localisations, due to
the noise at the ends of the beam. The possibility of higher values of the quality evaluator

de = 0.1 de = 0.01 de = 0.001

µ1,w = 0.984
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ1,w = 0.927
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ1,w = 0.743
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

(a) (b) (c)

µ1,M = 0.984
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ1,M = 0.984
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ1,M = 0.985
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

(d) (e) (f)

Figure 2: Damage indicatorsCD1,w ((a)-(c)) andCD1,M ((d)-(f)), with the correspondingµ1,w andµ1,M for
damage parametersde = 0.1 ((a) and (d)),de = 0.01 ((b) and (e)),de = 0.001 ((c) and (f)), using 257 elements
(Mesh 4).
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de = 0.1 de = 0.01 de = 0.001

µ4,w = 0.939
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ4,w = 0.966
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ4,w = 0.969
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

(a) (b) (c)

µ4,M = 0.961
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ4,M = 0.961
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

µ4,M = 0.961
10.80.60.40.20

1
0.8
0.6
0.4
0.2

0

(d) (e) (f)

Figure 3: Damage indicatorsCD4,w ((a)-(c)) andCD4,M ((d)-(f)), with the correspondingµ4,w andµ4,M for
damage parametersde = 0.1 ((a) and (d)),de = 0.01 ((b) and (e)),de = 0.001 ((c) and (f)), using 129 elements
(Mesh 2).

corresponding to bad damage localisations has been previously suggested in [15].
Tables 2, 3 and 4 show the quality evaluatorsµq,w andµq,M for the three values of the damage

parameter, using the first four modes and the meshes described in Table 1. The cases where the
higher values of the damage indicators are not near the center, i.e. bad damage localisations,
are indicated in bold type. If the bad localisation cases areignored, the quality evaluators
based on displacements decrease when the damage decreases.However, it can be seen that the
quality evaluators based on bending moments have small differences when the damage changes.
Furthermore, there are no bad damage localisations. This means that this damage indicator is
very good to localise the damage.

µq,w µq,M
Mesh q = 1 q = 2 q = 3 q = 4 q = 1 q = 2 q = 3 q = 4

1 0.939 0.879 0.922 0.925 0.939 0.939 0.923 0.939
2 0.969 0.934 0.961 0.939 0.969 0.969 0.961 0.969
3 0.979 0.838 0.974 0.959 0.979 0.980 0.974 0.979
4 0.984 0.757 0.981 0.947 0.984 0.984 0.981 0.984

Table 2: Quality evaluatorsµq,w andµq,M when the damage parameter has a value ofde = 0.1 (bold type indicates
bad damage localisations).

4 CONCLUSIONS

The use of mixed finite elements for the analysis of beams subjected to damage is presented
in this paper. This kind of finite elements allows the direct computation of curvatures and, there-
fore, there is no need for the application of finite differences to the displacements in order to
obtain them. To illustrate the advantages of this approach,a comparison between the quality of
the damage localisations based on curvatures obtained using mixed finite elements and conven-
tional finite elements through the use of finite differences is presented. The advantages are even
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µq,w µq,M
Mesh q = 1 q = 2 q = 3 q = 4 q = 1 q = 2 q = 3 q = 4

1 0.938 0.934 0.888 0.938 0.939 0.939 0.925 0.939
2 0.967 0.861 0.959 0.966 0.969 0.969 0.961 0.969
3 0.954 0.664 0.974 0.949 0.979 0.982 0.974 0.980
4 0.927 0.814 0.979 0.831 0.984 0.983 0.981 0.982

Table 3: Quality evaluatorsµq,w andµq,M when the damage parameter has a value ofde = 0.01 (bold type
indicates bad damage localisations).

µq,w µq,M
Mesh q = 1 q = 2 q = 3 q = 4 q = 1 q = 2 q = 3 q = 4

1 0.916 0.939 0.933 0.939 0.940 0.936 0.925 0.940
2 0.879 0.866 0.932 0.969 0.969 0.967 0.961 0.972
3 0.735 0.670 0.944 0.946 0.980 0.975 0.975 0.987
4 0.743 0.764 0.918 0.839 0.985 0.957 0.981 0.958

Table 4: Quality evaluatorsµq,w andµq,M when the damage parameter has a value ofde = 0.001 (bold type
indicates bad damage localisations).

noticeable if one uses an optimized sampling technique usedto reduce the noise propagation
when conventional finite elements are used.
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localisation in composite laminated plates using higher order spatial derivatives. B. H. V.
Topping ed.Eleventh International Conference on Computational Structures Technology,
Civil-Comp Press, Dubrovnik, Croatia, Paper 75, 2012.
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