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Abstract. Multi-degrees-of-freedom piezoelectric actuators can with be successfully used for 
nanosatellite’s attitude control. Piezoelectric actuators enable to increase resolution of the 
system and to reduce a number of components. Therefore accuracy and reliability of the con-
trol system increases, while cost decreases. There is several attitude control devices devel-
oped till now, where piezoelectric rings or cylinders are used. Actuator consisting of 
piezoelectric cylinder and the solid sphere was proposed to use for 3D attitude control device 
[1]. Axial traveling waves of the cylinder together with 3D oscillations in the contact points 
cylinder – sphere were employed to achieve 3D rotation of the sphere. However trajectory 
control problem of the contact points was faced, so detail investigation of that problem is giv-
en in this paper. 

Numerical modelling of piezoelectric actuator was performed to validate actuator design and 
operating principle through the modal and harmonic response analysis. Prototype piezoelec-
tric actuator was build and experimental measurements of contact point trajectories were 
performed. The results of numerical modelling and experimental study are compared and dis-
cussed.  
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1 INTRODUCTION 
Piezoelectric actuators are widely used for the high precision mechanical systems such as 

positioning devices, manipulating systems, control equipment and etc [2]. Piezoelectric actua-
tors have advanced features such as high resolution, short response time, compact size, and a 
good control-ability [2]. A lot of design and operating principles are investigated and used to 
transform mechanical vibrations of the piezoceramic elements into elliptical movement of the 
contact zone of actuator [3]. Summarizing it all the following types of piezoelectric actuators 
can be specified - a traveling wave, standing wave, hybrid transducer, and a multi-vibration 
mode [3]. Piezoelectric actuators of traveling wave type fall into two types – rotary and linear. 
Rotary type actuators are one of the most popular because of high torque density at low speed, 
high holding torque, quick response and simple construction. Traveling wave actuators of lin-
ear type feature these advantages as well but the development of these actuators is more com-
plex [4].  

In the paper we present multi-degrees-of-freedom piezoelectric control device for nanosat-
ellite’s attitude control. Results of the numerical and experimental studies are discussed. 
Mathematical model of rotating ball in 3D space is presented as well. 

 
2 OPERATING PRINCIPLE OF PIEZOELECTRIC ACTUATOR 

The piezoelectric control device scheme for nanosatellites (Figure 1) consists of the cylin-
der type piezoceramic actuator with three contact points (3), magnet (NS) and the sphere (1). 
Axial traveling waves of the cylinder together with 3D oscillations in the contact points cylin-
der – sphere were employed to achieve 3D rotation of the sphere.  

The cylinder type piezoceramic actuator outer electrodes are divided into three equal sec-
tions in the pattern used for symmetric travelling wave excitation (Figure 1b). Each electrode 
section has 2π/3 angle. The inner electrode of the actuator is solid and is grounded. In this 
case three harmonic signals with phase shift by 2π/3 are used for an excitation of symmetric 
traveling wave.  

Dimensions of piezoceramic cylinder are ∅84x∅70x38 mm (Dxdxh). Cylinder is made 
from Pz26 material (Lead zirconate titanate, Hard Ferroperm Piezoceramics A/S, Hejreskov-
vej 18A, DK – 3490 Kvistgrård, Denmark). Excitation voltage is 30V. 

 
Figure 1: Principal scheme of piezoelectric control device used for nanosatellites. 
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3 RESULTS OF FEM MODELLING OF THE ACTUATOR 
 
Numerical modeling of piezoelectric actuator was performed to validate actuator’s operat-

ing principle through the modal and harmonic response analysis. FEM software ANSYS 12.0 
was employed for simulation and FEM model was built (Figure 2). PZT-26 piezoceramic was 
used for the cylinder. Dimensions of piezoelectric cylinder were set to (D x d x h): 
∅84x∅70x38 mm. 

 

 
Figure 2: FEM model of the cylindrical actuator 

 
Modal analysis of piezoelectric actuator was performed to find proper resonance frequency. 

Material damping was assumed in the finite element model and viscous damping ratio of the 
piezoceramic was set to 0.002. No structural boundary conditions were applied. Examining 
the results of modal analysis (Figure 3) it was determined that vibration mode at 42.90 kHz is 
suitable for the further investigation. 

 

 
Figure 3: Amplitude - frequency characteristic of the arbitrary contact points. 

 
4 MATHEMATICAL MODEL OF THE ROTATING BALL 

 
A ball, placed on the contact points of the cylinder, will be rotating around a central point O 
(Figure 4). The moment of the force is calculated as follows: 
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𝑀 𝑡 = 𝑀! 𝑡 𝚤 +𝑀! 𝑡 𝚥 +𝑀! 𝑡 𝑘   (1) 
 

where t is moment of time, 𝑀! ,𝑀! ,𝑀! are projections on  x, y and z axis of the moment of 
force. 
 

 
 

Figure 4: Forces operating the sphere 
 

A torque direction is described by the three angles: 
 

𝑀° 𝑡 = cos𝛼! 𝑡 , cos𝛽! 𝑡 , cos 𝛾! 𝑡    ,   (2) 
where 
cos𝛼! 𝑡 = !! !

! !
 is angle between the vector 𝑀 and x-axis;  

cos𝛽! 𝑡 = !! !
! !

 is angle between the vector 𝑀 and y-axis; 

cos 𝛾! 𝑡 = !! !
! !

 is angle between the vector 𝑀 and z-axis. 

The main task is to calculate forces of contacts 𝐶! 𝑡  which have to rotate the ball, where J 
is number of contacts and 𝐽 = 1, 2, 3. 
Movement of the ball is controlled by switching the excitation zones of cylinder. Behavior of 
the cylinder could be described in these methods [5-7]: switching contacts, control points and 
tangents methods. In these methods are used one electrode and all electrodes excitation 
schemes. They describe motion in two-dimensional space. Therefore, the described methods 
are not suitable for this case, because all three excitation zones must be active at the same 
time with different values for a resultant force calculation.  
The calculation consists of two phases: 

1. Determination of the directions of the forces 𝐶! 𝑡 . 
2. Calculation of the numerical values of forces. 

4.1 Determination of the orientation of the forces  

Orientation of forces does not change in all rotation time: 
 

𝐶!° = cos𝛼!, cos𝛽!, cos 𝛾!   ,   (3) 
Where 𝛼! is angle between the vector 𝐶! and x-axis; 𝛽! is angle between the vector 𝐶! and y-
axis; 𝛾! is angle between the vector 𝐶! and z-axis. 
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In this case ∀𝐶 ⊥ 𝑅, where 𝑅 – forces position vector from the center of the ball and 
its value 𝑅  is equal to radius of the ball. Therefore, angles 𝛾! are equals and can be calculated 
by the formula: 

cos 𝛾! = 1− !!

!
!,     (4) 

 
Where d is distance from the center of the ball to the plane, where contacts of cylinder are lo-
cated and 𝑑 < 𝑅. 

For calculation other angles of forces, the coordinate system is positioned so that the 
first component 𝐶! is in the x z plane and its direction of projection 𝑐1x  is the same as x-axis 
(Figure 5).  

 
 

Figure 5: Example of positioning of forces  𝐶!, 𝐶! and their unit vectors 𝑐!,    𝑐! 
 

Unit vectors 𝑐! and their projections 𝑐!xy in the xy plane are used for determination of orienta-
tion of other forces 𝐶! and 𝐶!. These projections of forces are rotated around z-axis every 
1200: 𝜃 = 0°, 120°, 240° .  
Orientations of forces 𝐶! can be calculated from △ 𝐴𝑂𝐵, △ 𝐴𝐵𝐶, △ 𝐴𝑂𝐶 by formulas: 

𝐶!°
𝐶!°
𝐶!°

=

!
!

0 1− !
!

!

− !
!!

!
!
!
!

1− !
!

!

− !
!!

cos 180°− cos!! !
!
!
!

1− !
!

!

   (5) 

4.2 Calculation of the numerical values of forces  

Contacts of the cylinder act the ball with forces𝐶!, thus exist moment of every force 𝑀! 𝑡  
and resultant moment of force is equal: 

 𝑀 𝑡 = 𝑀! 𝑡!
!!! .       (6) 

From this formula: 
𝑀 𝑡 = 𝐶!!

!!! ∙ 𝑅    (7) 
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Because resultant force acting the ball is equal 𝐹 = 𝐶!!
!!! , then  

𝑀 𝑡 ! = 𝐶! !
!
!!!

!
+ 𝐶! !

!
!!!

!
+ 𝐶! !

!
!!!

!
∙ 𝑑!  (8) 

From formula (5) can be written: 

cos𝛼! =
!!" !
!! !

; cos𝛽! =
!!" !
!! !

; cos 𝛾! =
!!" !
!! !

.    (9) 

Because𝐶! ⊥ 𝑀!, then can be written equality: 
𝐶! !

!
!!! ∙𝑀! 𝑡 + 𝐶! !

!
!!! ∙𝑀! 𝑡 + 𝐶! !

!
!!! ∙𝑀! 𝑡 = 0. (10) 

System of equations is formed from formulas (7), (8), (9) and (10) for calculate functions: 
𝐶! 𝑡 = 𝑓 𝑀 𝑡 ,𝑅,𝑑 .       (11) 

4.3 Numerical experiments 

Two different balls were selected for the mathematical model verification. Distances be-
tween center of the balls and planes, where contacts of cylinder are located, is equal to 
𝑑 = 10, 50   mm (Table 1). Two different functions of projections of force moments were 
selected. Vectors of force moments showed in Figure 6. 

Table 1: Cases of numerical experiments 
 No. 1 No. 2 

Function 

𝑀! 𝑡 = cos 𝑡
𝑀! 𝑡 = sin 𝑡

𝑀! 𝑡 = sin
𝑡
2
+ 0,1

 
𝑀! 𝑡 = 5cos 𝑡 − cos 5𝑡
𝑀! 𝑡 = 5sin 𝑡 − sin 5𝑡

𝑀! 𝑡 = 𝑡 − 2
 

Time interval, s 𝑡 = 0, 5  𝑡 = 0, 8  

𝑑
= 10  mmR=71  mm 

 

𝐶!°
𝐶!°
𝐶!°

=
81,9 90 8,1
94,04 83 8,1
94,04 97,01 8,1

 

𝑑 = 50  mm 
R=86  mm 

𝐶!°
𝐶!°
𝐶!°

=
54,45 90 35,55
106,9 59,77 35,55
106,9 120,23 35,55

 

. 

  
a)   b) 

Figure 6: Functions and vectors of moments of forces: a) No. 1; b) No. 2. 
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Results of the numerical experiment showed in Figure 7 and Figure 8. Detailed analysis of 
data showed, that there are two different possible options for values of forces in every exper-
iment. 
As expected, strength of forces is decreasing, when distance between rotation point and acting 
force is increasing. 
Results of experiments showed that some contacts of the cylinder must act the ball with nega-
tive direction (negative sign) but with the same orientation of vectors. 

  
a) b) 

Figure 7: Forces of contacts in the experiment No. 1, when: a) d = 10 mm and R = 71 mm; b) d = 50 mm 
and R = 86 mm. 
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a) b) 

Figure 8: Forces of contacts in the experiment No. 2, when: a) d = 10 mm and R = 71 mm; b) d = 50 mm and R = 
86 mm. 

5 EXPERIMENTAL STUDIES 
 

The aim of experimental investigation was to verify resonant frequencies and modal 
shapes of the piezoelectric actuator. The prototype of piezoelectric actuator was made for the 
experimental study. Dimensions of the actuators were the same as in numerical model. 
Electrodes' patterns were burned as shown in Fig. 1b. 30V harmonic signal was applied on the 
electrodes. 

Suitable resonant frequency of the actuator was found at 49.72 kHz. This frequency 
corresponds to calculated natural frequency 49.80 kHz. An active element has been 
investigated when upon receiving excitation signal it slides across a flat surface (glass), since 
it would be difficult to measure the turning angles of a sphere. The sliding movement of an 
active element would make a sphere turn about its axis, which is perpendicular to the 
movement vector. The deflection of the movement vector of a cylinder centre from the 
theoretical movement vector has been measured at the distance of 20, 50, and 70 mm form the 
initial point of a cylinder centre (Figure 9).  

A piezoceramic cylinder has been investigated by exciting every excitation electrode sepa-
rately. The errors of movement vector observed during the experiment can be explained by 
the difference of the friction coefficients of contact elements and glass that is influenced by 
the irregularity of the roughness of contact elements and glass, as well as the difference in the 
surface area of contact elements.  
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Figure 9: Piezoceramic cylinder. 1, 2, 3 – electrodes; 4 – contact points; x, x‘, x‘‘– theoretical movement vectors; 

δ, δ’, δ’’ – deflections of the movement vectors. 
 

5 CONCLUSIONS 
A new mathematical model of rotationg ball in 3D space is presented in this paper. There 

are two different possible options for values of forces for every case. These data can be 
analyzed in details for selection of energy-efficient case in future researches. 

Results of experiments showed that, if orientation of vectors stays the same, than one or 
two contacts of the cylinder must act the ball with negative direction. Thus, control of 
segments of the cylinder will be more complicated. 

Experimental studies confirmed the resonant frequency and shape of the vibrations of the 
control devices obtained during numerical simulation. The results of numerical modelling and 
experimental studies are in agreement. 
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