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Abstract. A kind of PZT-SMA composite cantilever energy harvester was proposed in this
paper, and its stochastic bifurcation characteristics were studied. SMA was chosen as the
substrate of cantilever beam to induce self-excited vibration, and PZT was adhesively bonded
on SMA beam to be PZT-SMA composite cantilever beam. Von de Pol item was developed to
interpret the hysteresis phenomena of the strain-stress curves of SMA, and the nonlinear dynamic model of PZT-SMA composite cantilever beam subjected to stochastic excitation was
obtained. The local stochastic stability of the system was analyzed according to the largest
Lyapunov exponent method, and the conditions of global stochastic stability of the system
were obtained in singular boundary theory. The probability density function of the dynamic
response of the system was obtained, and the conditions of stochastic Hopf bifurcation were
analyzed. Numerical simulation shows that self-excited vibration is induced by the hysteretic
nonlinear characteristics of SMA, which can improve the efficiency of energy harvester; stochastic Hopf bifurcation appears when bifurcation parameter was adjusted, which can further
increase vibration amplitude of cantilever beam system. PZT-SMA composite cantilever energy harvester combines the advantages of piezoelectric energy harvester and SMA beam,
and can improve the efficiency of energy harvester obviously. The results of this paper are
helpful to application of PZT-SMA composite cantilever energy harvester in engineering
fields.
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INTRODUCTION

Piezoelectric ceramics is a kind of smart material. It can be used to convert mechanical energy into electrical energy, which is known as piezoelectric effect. Based on the effect, piezoelectric energy harvester can be designed to gather vibration energy of structures. Compared
with the other types of power generation system, piezoelectric energy harvester has many advantages, such as small size, high electro-mechanical conversion efficiency, long service life,
and low cost, which make it be applied as green energy widely.
Many scholars studied piezoelectric energy harvester. DuToit designed MEMS-scale piezoelectric mechanical vibration energy harvesters firstly [1]. Erturk developed the mechanical
model of cantilevered piezoelectric vibration energy harvesters [2]. Priya proposed the criterion for material selection in design of bulk piezoelectric energy harvesters [3]. Liao studied
parameters optimization and power characteristics of piezoelectric energy harvesters with an
RC circuit [4]. In order to obtain the stable output power, piezoelectric energy harvester
should be in stable periodic vibration. However, the energy of piezoelectric energy harvester
was from structure vibration, which was usually random, and most of vibration energy was
dissipated by the damping of the system. Usually, piezoelectric energy harvester can only
provide instable or intermittent power, which limits its application in industry fields.
In this paper, a kind of PZT-SMA composite energy harvester was proposed. SMA (Shape
Memory Alloy) was introduced to be the substrate of cantilever beam to induce self-excited vibration, and the stochastic bifurcation characteristics of cantilevered PZT-SMA energy harvester were analyzed.
2

HYSTERESIS NONLINEAR MODEL OF PIEZOELECTRIC ENERGY
HARVESTER

The structure of cantilevered piezoelectric energy harvester was shown in Figure 1. It can
be simplified as PZT-SMA cantilever beam.

Figure 1: Structure of PZT-SMA energy harvester.

Figure 2: Strain-stress curves of SMA.

The strain-stress curves of SMA were shown in Figure 2. Obviously, there is hysteretic
nonlinearity in SMA. Most of SMA models were based on thermodynamics theory and micromechanics theory, where the percentage content of martensite was taken as main variable
of stress-strain equation. As results, those SMA models were mostly shown as equations with
subsection function or double integral function, and hard to be analyzed in theory [5-11].
Usually, research results to those models can only be obtained by numerical method or experiment method [12-16]. In this paper, improved Von del Pol hysteretic model was introduced to describe the hysteretic nonlinear characteristics of SMA.
The initial Von del Pol hysteretic model can be shown as follows:
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x
y  f ( x )  f1 ( x)  f 2 ( x)   ci x i  a[1  ( ) 2 ] x
b
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(1)

n

where f1 ( x)   ci x i is skeleton curve of hysteretic loop, which is usually expressed in polyi 1

x
b

nomial function; f 2 ( x)  a[1  ( ) 2 ] x is Von del Pol item, which describes is the difference
between the skeleton curve and the hysteretic loop; ci , a and b are coefficients which are
determined by the hysteretic loop.
x
b

The essence of Von del Pol item f 2 ( x)  a[1  ( ) 2 ] x are two parabolic lines which are
symmetrical about the original point (0, 0), so the initial Von del Pol model can only be used
in some basic parabolic hysteretic loop. However, the strain-stress curves of SMA are complex hysteretic loop which are not symmetrical about any point. In this paper, the Von del Pol
hysteretic model used to describe the strain-stress curves of SMA was developed as follows:
  a1  a2 2  a3 3  (a4  a5 2  a6 3  a7 4  a8 5  a9 6  a10 7  a11 8  a12 9  a13 10 ) (2)
where  is stress,  is strain, ai (i=1~12) are coefficients.
Partial least-square regression method was used to test the fitting effect of Eq. (2). The analyze result of principal component based on experimental data was shown in Figure 3, and the
values of the coefficients were shown in Figure 4. We can see that all of the items are remarkable.

Figure 3: Analysis result of principal component.

Figure 4: Values of the coefficients.
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The result of forecast test to Eq. (1) was shown in Figure 5, where red line is real data and
black line is forecast value. We can see that Eq. (2) can describe the real curve well.

Figure 5: Results of forecast test.

The mechanical model of PZT-SMA composite energy harvester was shown in Figure 6.

Figure 6: Mechanical model of PZT-SMA composite energy harvester.

According to Hamilton's principle, we obtained:



t2

t1

[ (T  U  We )  W ]dt  0

(3)

where T is kinetic energy of structure, U is potential energy of structure, We is electric energy of piezoelectric ceramics, W is work done by external force,
1
1
T    su 2 dVs    pu 2 dV p
2 Vs
2 Vp
U

1
1
 s s dVs    p p dV p

2 Vs
2 Vp

We 

1
E3 D3dVp
2 Vp
L

δW   δuF d x  δu (l , t ) F  δ q
0

i (i  s, p) is density, Vi is volume,  i is stress,  i is strain, the subscript s is SMA, p is
piezoelectric ceramics; u  u ( x, t ) is deflection of composite cantilever beam, E3 is electric
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field intensity, D3 is electrostrictive displacement, F  e (t ) is axial stochastic excitation, 
is electric potential, q is electric charge.
The constitutive model of piezoelectric ceramics can be shown as follows:
1

E
2
E
2
  c11  e31E3   113E3  2 133 E3  c111
(4)

 D   S E  e   1   2   E   E 2
33 3
31
113
133
3
333 3
 3
2
where c11E is stiffness coefficient, e31 is piezoelectric coefficient,  33S is dielectric constant,  113
E
is electroelastic coefficient, 133 is electrostrictive coefficient, C111
is nonlinear stiffness coefficient,  333 is nonlinear dielectric constant.
Let u ( x, t )   ( x) y (t ) , the dynamic equation of piezoelectric cantilever beam subjected to
axial stochastic excitation can be solved from Eq. (3) as follows:
10
1
y  2y   2U   21 yU   2 2U 2  b1 y  b2 y 2  b3 y 3  y  bi3 y i  ey (t)
2
i 1

(5)

where y is displacement, U is voltage,  is damping,  and bi (i=1~13) are coefficients, e
is intensity of stochastic excitation,  (t ) is Gauss white noise.
Considering that the output voltage of piezoelectric ceramics is linear with the strain, we
obtain:
U  a14 d 33 y
Thus, Eq. (5) can be rewritten as follows:
10
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STOCHASTIC STABILITY OF THE SYSTEM

Let y  q , y  p , Eq. (6) can also be shown as follows:
q  p
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The Hamiltonian function of Eq. (7) can be shown as follows:
H

1 2 1 2
p  c1q
2
2

(8)

According to the quasi-nonintegrable Hamiltonian system theory, the Hamiltonian function
H(t) converges weakly in probability to an one-dimensional Ito diffusion process. The averaged Ito equation about the Hamiltonian function can be shown as follows:
(9)
dH  m( H )dt   ( H )dB(t )
where B (t ) is standard Wiener process, m( H ) and  ( H ) are drift and diffusion coefficients
of Ito stochastic process, which can be obtained in stochastic averaging method:
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(11)

Based on quasi-nonintegrable Hamiltonian system theory, the largest Lyapunov exponent
of a linearized system is defined as follows:
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1
t
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  lim ln H 1 / 2  m(0)   (0)2 / 2 / 2  De  
t 
4c1

(12)

Now the local stochastic stability of the system can be discussed as follows:
1） The trivial solution H=0 is locally asymptotic stable if and only if  < 0, which
2

means   De ;
4c1

2）

The trivial solution H=0 is locally asymptotic unstable if and only if  > 0, which
2

means   De ;
4c1

3）

Bifurcation should appear near the trivial solution H=0 if and only if  = 0, which
2

means   De .
4c1

The largest Lyapunov exponent can only estimate the local stability. In this paper, the
boundary classification method was used to analyze the global stability of the trivial solution
of the system. Generally, the boundaries of diffusion process are singular, and the boundary
classification is often determined by diffusion exponent, drift exponent and character value.
When H  0 :
m( H )  O( H ) ,  2 ( H )  O( H 2 )
So
2c1
)
 l  2 ,  l  1 , cl  2(1 
De 2
where  l is diffusion exponent,  l is drift exponent, cl is character value, l is left boundary.
Thus, the left boundary H= 0 belongs to the first kind of singular boundary. According to
the classification for singular boundary , we obtained:
1）The left boundary H=0 is repulsively natural if cl >1;
2）The left boundary H=0 is strictly natural if cl =1;
3）The left boundary H=0 is attractively natural if cl <1;
Similarly, the right boundary H   belongs to the second kind of singular boundary.
When H   :
m ( H )  O( H 5 ) ,  2 ( H )  O ( H 2 )
So
c b  4b5  3b6  2b7
 r  2 ,  r  5 , cr  1 4
2 c1De 2
where r is the right boundary. Thus, the right boundary H   is an entrance boundary.
The necessary and sufficient conditions for globally asymptotic stability of the trivial solution require that the left boundary be attractively natural and the right boundary be entrance.
Thus, the trivial solution H=0 is globally asymptotically stable only cl <1, which
2

means  De . The influence of the character value to the stability was shown in Figure 7.
4c1
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Figure 7: Influence of the character value to the stability of the system.
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STOCHASTIC BIFURCATION AND SIMULATION

The averaged FPK equation of Eq. (8) is:
f

1 2[ 2 ( H ) f ]
  [m(H ) f ] 
t
H
2
H 2

(13)

where f is probability density.
Thus, the stationary probability density function of the system is:
f (H )  A H



4c1
De2

1

exp[

b
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21b13
4 2c2 2
7b11
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H2 
H3 
H4 
H 5]
2
2
2 2
2 3
3De
De
2 De c1
12De c1
16De c1
40De2c14

(14)
where A is a normalization constant.
The results of numerical simulation of piezoelectric energy harvester were shown in Figure
8, where c1  0.5 , D  0.5 ,   0.025 , l  1 , M  40 , E  2  1011 , A  8 10 4 , I  6  1011 .

(a) c2  0 , bi  0(i  4 ~ 13)

(b) c2  10 , b5  3.5

bi  0(i  4,6 ~ 13)

(d) c2  5 , b5  3.5 ,

b7  0.5 , b9  0.1
b11  0.01 , b13  0.00125

(e) c2  5 , b5  3.5 ,

b7  1 , b9  0.2
b11  0.01 , b13  0.00125

(c) c2  5 , b5  3.5

bi  0(i  4,6 ~ 13)

(f) c2  10 , b5  3.5 ,

b7  0.5 , b9  0.05
b11  0.01 , b13  0.00125

Figure 8: Stationary probability density of the system response in different parameters.
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From Figure 8, we can see that:
1） p=0 and q=0 when H=0, so the trivial solution H=0 corresponds to the origin (0, 0)
in the figure of joint probability density;
2） To ordinary piezoelectric energy harvester, which was shown in Figure 8(a), the
damping and stiffness of substrate are linear, so c2  c3  0 and bi  0(i  4 ~ 13) .
The steady-state probability density of H=0 is the max, which is locally asymptotic
unstable;
3） The steady-state probability density of H=0 decreases when the system parameters
c2 and b5 vary, which was shown in Figure 8(b) and 8(c), and its stability varies
from unstable to stable. There is a limit cycle in the probability density of the system. Limit cycle means that self-excited vibration was induced by the hysteretic
nonlinear characteristics of SMA, which can improve the efficiency of piezoelectric
energy harvester;
4） The hysteretic nonlinear damping coefficients bi (i  7,9,11,13) can induce Stochastic Hopf bifurcation of the system. From Figure 8(d)-8(f), we can obviously see that
there are two limit cycle in the stationary probability density, which means that
there are two vibration amplitudes whose probability are both very high. Jumping
phenomena between the two vibration amplitudes will appear when the conditions
are changed;
5） From Figure 8(d)-8(f), we can see that the stationary probability density of the response of the system can be changed through adjusting the parameters bi . It means
that different SMA materials will cause different vibration amplitudes of the system
since the parameters bi are determined by the substrate material. It provide a way to
improve the efficiency of the energy harvester since the stationary probability density of the big vibration amplitude can be increased by choosing appropriate SMA
material as substrate.
According to the analysis result, Fe-Mn-Si SMA and Ti-Ni SMA were chosen as substrate
materials of beam independently. The experimental results of PZT-SMA composite energy
harvester was shown in Figure 9 and Figure 10. We can see that the material characteristics of
beam can influence the system response, and Ti-Ni SMA beam should be chosen as substrate
rather than Fe-Mn-Si SMA beam.

Figure 9: Response of PZT-SMA (Fe-Mn-Si) beam subjected to stochastic excitation.
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Figure 10: Response of PZT-SMA (Ti-Ni) beam subjected to stochastic excitation.
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CONCLUSIONS

In this paper, a kind of PZT-SMA composite cantilever energy harvester was proposed,
and its stochastic bifurcation characteristics were studied. SMA was chosen as the substrate of
cantilever beam to induce self-excited vibration, and PZT piezoelectric ceramics was adhesively bonded on SMA beam to be PZT-SMA composite cantilever beam. Von de Pol difference item was introduced to interpret the hysteresis phenomena of the strain-stress curves of
SMA, and the nonlinear dynamic model of PZT-SMA composite cantilever beam subjected to
stochastic excitation was developed. The local stochastic stability of the system was analyzed
according to the largest Lyapunov exponent method, and the conditions of global stochastic
stability of the system were obtained in singular boundary theory. The probability density
function of the dynamic response of the system was obtained, and the conditions of stochastic
Hopf bifurcation were analyzed. Numerical simulation shows that self-excited vibration is
induced by the hysteretic nonlinear characteristics of SMA, which can improve the efficiency
of energy harvester; stochastic Hopf bifurcation appears when bifurcation parameter was adjusted, which can further increase vibration amplitude of cantilever beam system. PZT-SMA
composite cantilever energy harvester combines the advantages of piezoelectric energy harvester and SMA beam, and can improve the efficiency of energy harvester obviously. The results of this paper are helpful to application of PZT-SMA composite cantilever energy
harvester in engineering fields.
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